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A perturbation theory for solvation thermodynamics:
Dipolar–quadrupolar liquids

Dmitry V. Matyushov and Gregory A. Votha)
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~Received 28 January 1999; accepted 25 May 1999!

The thermodynamics of solvation of a dipole in hard sphere solvents with dipoles and quadrupoles
is studied by using the Pade´ approximation for the perturbation expansion of the solvation chemical
potential and compared to Monte Carlo simulations. Solvation chemical potentials, energies, and
entropies of solvation are obtained at different dipolar and quadrupolar solvent strengths. The effect
of nonlinear solvation is analyzed and found not to exceed 10% in the parameter range studied. An
agreement between the simulations and the analytical theory is obtained by an empirical rescaling
of the triple perturbation integrals of the perturbation expansion. This rescaling does not, however,
provide a quantitatively correct partitioning of the solvation free energy into the energy and entropy
of solvation. © 1999 American Institute of Physics.@S0021-9606~99!51531-6#
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I. INTRODUCTION

Many solvents used in chemistry belong to the class
nondipolar liquids implying that the liquid molecules ha
zero permanent dipoles. The static dielectric constant of s
solvents is close to the squared refractive index. A low
electric constant does not necessarily mean a low solva
ability. Many chemical species can be solvated in nondipo
solvents because of the stabilization energy due to disper
forces and nonzero higher solvent multipoles, of which
quadrupole moment is of primary importance.

The dielectric continuum modeling of solvation that
widely used for highly polar solvents has a very limited a
plication to solvents with zero dipole moments and nonz
quadrupoles~quadrupolar solvents!. The fundamental origin
of its failure is the short range of quadrupolar interactio
that do not directly contribute to the dielectric constant. A
though the effect of quadrupoles on the solvent dielec
constant is significant,1 it is reflected only in the Kirkwood
g-factor that decreases due to breaking the angular dipo
dipole correlations with increasing quadrupolar streng2

Quadrupoles do not produce a macroscopic polarization
the solvent in an external field. The solvation free energy
a multipole solute in a nondipolar liquid is thus produc
only by the induced solvent dipoles when calculated in
framework of continuum models. That this prediction
wrong has been clearly demonstrated in the recent meas
ments of the solvent reorganization energy for optical tr
sitions of chromophores dissolved in nondipolar solven3

The solvent reorganization energy of electronic transitio
reflecting solvation by only the nuclear degrees of freedom
zero when a nondipolar solvent is modeled by the dielec
continuum. Experiments on optical Stokes shifts in quad
polar solvents show, on the contrary, quite substantial~300–
500 cm21!3 reorganization energies, thus pointing to sign
cant solvation by the solvent molecular quadrupoles.

a!Electronic mail: voth@chemistry.chem.utah.edu
3630021-9606/99/111(8)/3630/9/$15.00
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Several attempts have been recently made to incorpo
solvent quadrupoles into the continuum dielectric descript
of solvation.4 The continuum solvation energy is diminishe
by inclusion of the solvent quadrupoles owing to two facto
First, the dielectric constant of a polar solvent gets sma
because quadrupoles destroy dipole–dipole angular cor
tions, resulting in a decrease of the Kirkwoodg-factor.1~b!

Second, the quadrupolar susceptibility makes a negative
tribution to the continuum solvent response function.4~b! A
decrease of the solvation energy with the increase of
solvent quadrupole is at odds with molecular simulations
dipolar–quadrupolar fluids5 and leads to confusing result
when applied to optical spectroscopy.6 A molecular descrip-
tion of solvation in nondipolar solvents is thus necessary

Along these lines, reference interaction-site mod
~RISM!7 provide an important basis for calculating solvatio
energies, since they include all molecular multipoles by th
construction. For such calculations, one needs the distr
tion of partial charges in both the solvent and the solute
well as information about molecular geometries. This a
proach is difficult to implement for a variety of solven
given the scarcity of the input data and the necessity to so
a set of integral Ornstein–Zernike~OZ! equations for the
site–site pair distribution functions.

Especially for treating spectroscopic data, for whi
changing the solvent is the common practice to probe
solvent effect, an approach for calculating solvation energ
ics from a few multipole moments of the solvent and t
solute is highly desirable. An analytical procedure wou
also greatly simplify the data analysis. The present study
development in that direction. The motivation of this pape
to develop a molecular treatment of solvation of a dipole
dipolar–quadrupolar solvents. Among different approac
to this problem suggested by equilibrium liquid sta
theories,8 we have chosen here a Pade´ truncation approach to
the perturbation treatment of solvation.9,10 This method
meets best our goal of creating an analytical framework
0 © 1999 American Institute of Physics
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analyzing the solvent effect on optical transitions and el
tron transfer reactions in molecular liquids.

An alternative approach would be to use molecular in
gral equations with the hypernetted-chain~HNC!2 or refer-
ence hypernetted-chain~RHNC!11 closures for solvents with
point dipoles and quadrupoles. In this approach, the
equation is expanded in spherical functions and closure r
tions are solved for each angular component. This appro
is quite reliable in respect to the calculation of dielectric a
thermodynamic properties of liquids without H-bonds.2~c!

The method is, however, relatively complicated and the
velopment of alternative approaches is useful for appli
tions and helps to better understand the multipolar solvat
In addition, we are interested here in obtaining the energ
reorganizing the solvent structure by the solute. This par
eter is used as a means to calculate the internal en
and entropy of solvation and to test the general performa
of the linear response theories. The latter information
hard to extract from integral equations involving angu
projections,12 but is straightforward in the perturbation a
proach.

This paper is organized as follows. In the next secti
the model system of a dipolar solute in a solvent of h
sphere~HS! solvent molecules with point dipoles and qu
drupoles is defined. In Sec. III, the perturbation expansion
the solvation chemical potential is developed and a P´
approximant is constructed. The analytical expressions
then tested against Monte Carlo~MC! simulations in Sec. IV
where nonlinear solvation effects and the partitioning of
solvation free energy into the entropy and energy of sol
tion are also analyzed. Finally, Sec. V contains conclusio

II. MODEL

The explicit model we employ here is that of a HS solu
with a centered dipole momentm0 in a solvent of HS mol-
ecules with dipoles and quadrupoles. The dipole momen
assumed to be the highest nonvanishing multipole of the
ute ~solute quadrupole is zero! and the consideration is lim
ited to axially symmetric solvent molecules. We therefo
have only two multipole parameters for the solvent: the
pole momentm and the quadrupole momentQ. ~Q is the
z,z-projection of the quadrupole tensor in the body-fix
axes frame.8! The interaction potentialU0s between the sol-
ute and the solvent reads as

U0s5U0s
HS1U0s

p 5(
j

@u0s
HS~0 j !1u0s

p ~0 j !#, ~1!

where throughout below ‘‘0’’ and ‘‘s’’ stand for the solute
and solvent, respectively. In Eq.~1!, U0s

HS is the solute–
solvent HS repulsion andU0s

p stands for the solute–solven
multipole interaction; the sum runs over theN solvent mol-
ecules. The multipole expansion of the solute–solvent in
action potential is given, in our model, by the sum of tw
terms,

u0s
p ~0 j !5u0s

11~0 j !1u0s
12~0 j ! , ~2!

where the superscripts ‘‘1’’ and ‘‘2’’ refer to the first and th
second multipole moments, respectively. Explicitly, we ha
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u0s
11~01!52~m0m/r 1

3!@3~ ŝ0• r̂1!~ r̂1• ŝ1!2~ ŝ0• ŝ1!#, ~3!

u0s
12~01!5~3m0Q/2r 1

4!@~ ŝ0• r̂1!„5~ r̂1• ŝ1!221…

22~ ŝ0• ŝ1!~ r̂1• ŝ1!#, ~4!

whereŝ0 and ŝ1 are the unit vectors determining orientatio
of the solute and solvent (j 51) molecules, andr̂15r1 /r 1 .

The solvent–solvent interaction potential,

Uss5Uss
HS1Uss

p 5
1

2 (
j Þk

@uss
HS~ jk !1uss

p ~ jk !#, ~5!

also includes the HS repulsion,uss
HS, and the multipole inter-

action,uss
p . The latter is given by the sum of three terms,

uss
p ~ jk !5uss

11~ jk !1uss
DQ~ jk !1uss

22~ jk !. ~6!

The dipole–dipole potential,uss
11, between the solvent mol

ecules derives from Eq.~3! by replacing the solute by a
solvent molecule. The quadrupole–quadrupole interac
reads as8

uss
22~12!5~3Q2/4r 12

5 !@125~ ŝ1• r̂12!
225~ ŝ2• r̂12!

2

12~ ŝ1• ŝ2!2135~ ŝ1• r̂12!
2~ ŝ2• r̂12!

2

220~ ŝ1• r̂12!~ ŝ2• r̂12!~ ŝ1• ŝ2!#. ~7!

The dipole–quadrupole solvent–solvent potentialuss
DQ in Eq.

~6! is a sum of interactions between the two multipole
uss

DQ(12)5uss
12(12)1uss

21(12). The potential

uss
DQ~12!5~3mQ/2r 12

4 !„~ ŝ2• r̂12!2~ ŝ1• r̂12!…

3@5~ ŝ1• r̂12!~ ŝ2• r̂12!1122~ ŝ1• ŝ2!# ~8!

is therefore symmetric in respect to interchange of the s
vent molecules. This symmetry does not exist for the solu
solvent dipole–quadrupole interaction, since the solute qu
rupole is assumed to be equal to zero.

The interaction potentials in Eqs.~1!–~8! give a com-
plete definition of the present model system. In the next s
tion, we derive the perturbation expansion for the solvat
chemical potential in terms of the multipolar interaction p
tentials between the solute and the solvent,u0s

p , and between
the solvent molecules,uss

p . The reference system is the liq
uid of solvent hard spheres with the immersed solute h
sphere core. In order to generate an infinite perturbation
ries in solvent dipolar and quadrupolar strengths, we form
Padéapproximant composed of the two first nonvanishi
perturbation terms.

III. THERMODYNAMIC PERTURBATION EXPANSION

The excess chemical potentialmp relative to the free
energy of inserting the solute HS core into the solvent can
derived from the thermodynamic coupling parame
integration,8

mp5rE
0

1

dlE u0s
p ~01!g0s~l;01!dG1~dV0/4p!. ~9!

Herel is the solute–solvent coupling parameter and the
tegration is carried out over the coordinates and orientati
of the solvent molecules (G) and the orientations of the so



r-

ac
d

he

tr

nt

e

-
o

rm

-
Th
ha
u

rm
-
bu

ns

ce
en

e
he
en

o-
oth

rob-
e

mul-
or
s

f
at
at-
a

we

er

ro-

s

te
d
a

r 9

3632 J. Chem. Phys., Vol. 111, No. 8, 22 August 1999 D. V. Matyushov and G. A. Voth
ute dipole (V0). The function g0s(l;01) is the solute–
solvent pair distribution function~PDF! at the coupling
strengthl, while r is the solvent number density. A pertu
bation expansion formp is obtained by expandingg0s(l;01)
in the solute–solvent and solvent–solvent multipole inter
tion potentials relative to the reference system compose
the solute and solvent hard spheres.10~a!~b! The expansion will
be truncated after the first two nonvanishing terms used
build a Pade´ approximant.

The first nonvanishing expansion term follows from t
first order expansion g0s(l;01).g0s

(0)(r 1)2lbu0s
p (01)

g0s
(0)(r 1) which, after substitution into Eq.~9!, yields

bmp
~2!52~bm0

2/s3!@ydI 4
~2!1yqI 6

~2!#, ~10!

with

I n
~2!5~n21!E

0

` dx

xn g0s
~0!~x!, ~11!

andg0s
(0)(x) is the HS solute–solvent PDF. In Eq.~10!, s is

the HS diameter of the solvent molecules and we have in
duced the density of solvent quadrupoles,

yq5~2p/5!r* ~Q* !2, ~12!

by analogy with the well-known density of the solve
dipoles,8

yd5~4p/9!r* ~m* !2, ~13!

wherer* 5rs3, (m* )25bm2/s3, and (Q* )25bQ2/s5. In
contrast to the dipoles densityyd that depends only on th
solvent number densityr and the dipole moment~the com-
mon s3 factor cancels out!, the quadrupoles densityyq in-
cludes also the HS diameters. This is because the quadru
pole interacts with the gradient of the electric field and n
with the field itself as in the dipole case.

The second order expansion contains two-particle te
of the type^u0s

p (01)3&v and three particle terms of the form
^u0s

p (01)uss
p (12)u0s

p (20)&v , where^ . . . &v denotes the angu
lar average over the solvent and solute orientations.
^u0s

p (01)3&v term disappears for symmetry reasons. Note t
this does not happen for the perturbation expansion in p
liquids since the dipole–quadrupole potential~8! is symmet-
ric with respect to the particle interchange and the te
^uss

DQ(01)2uss
p (01)&v is nonzero.5 The second order expan

sion term contains therefore only the three-particle contri
tions and can be written as follows:

bmp
~3!5~bm0

2/s3!@yd
2I DDD

~3! 1ydyqI DDQ
~3! 1yq

2I DQQ
~3! #. ~14!

The three-particle perturbation integralsI DDD
(3) , I DDQ

(3) , and
I DQQ

(3) are responsible for the three-particle correlatio
dipole–dipole–dipole ~DDD!, dipole–dipole–quadrupole
~DDQ!, and dipole–quadrupole–quadrupole~DQQ!. The
perturbation integrals are functions of the solvent redu
density,r* , and the reduced distance of the solute–solv
closest approach,r 0s5R0 /s10.5, whereR0 is the solute
radius. The analytical expressions for the three-particle p
turbation integrals, as well as polynomial fits of both t
two-particle and three-particle integrals, are explicitly giv
in Appendix A.
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The Pade´ approximant can be built using Eqs.~10! and
~14! as follows:

mp5mp
~2!/@12mp

~3!/mp
~2!#. ~15!

A comparison to the simulations of solvation in purely dip
lar solvents10~c! and the simulation data presented here b
show that the Pade´ approximation~PA! somewhat overesti-
mates the solvation energy. This seems to be a general p
lem of the Pade´ truncation of perturbation series, since th
same trend is seen for the free energy of homogeneous
tipolar fluids.5~b!,8 Since the main error is in the denominat
termmp

(3)/mp
(2) in Eq. ~15!,5~b! an agreement with simulation

may be achieved by introducing the empirical factorskp ,
kq , andkpq correcting for errors in estimating the effect o
many-body multipolar correlations on solvation. Note th
the PA accounts only for the three-particle correlations
tempting to include all higher order terms by constructing
geometric series. With the correction factors included,
will define the solvation chemical potential as follows:

mp
P52

m0
2

s3

f ~2!

11 f ~3!/ f ~2! , ~16!

where

f ~2!5ydI 4
~2!1yqI 6

~2! , ~17!

f ~3!5yd
2kdI DDD

~3! 1ydyqkdqI DDQ
~3! 1yq

2kqI DQQ
~3! . ~18!

The correction factorkd was obtained in the previous pap
dealing with purely dipolar HS solvents.10~c! Therefore, we
need to determinekq and kdq . As the first step, we will
generate solvation internal energiesup from MC simulations
in quadrupolar solvents with zero dipole moments. This p
vides information aboutkq . Then, withkq andkd in hand,
we will extractkdq from simulations of solvation in solvent
with nonzero dipole and quadrupole moments.

IV. RESULTS

A. Monte Carlo simulations

The MC simulations were carried out for a dipolar solu
in a fluid of HS solvent molecules with point dipoles an
linear quadrupoles. The solute was initially inserted into

TABLE I. Solvation energŷ U0s
p &, the second moment^(dU0s

p )2&, and the
nonlinear solvation parameterxNL @Eq. ~21!# from MC simulations atr 0s

51.0, r* 50.8, bm0
2/s3510.

(Q* )2

(m* )250.0 (m* )251.0

2b^U0s
p & b2^(dU0s

p )2&a xNL 2b^U0s
p & b2^(dU0s

p )2&a xNL

0.25 8.2460.01 8.6760.01 1.05 21.9160.05 21.4160.04 0.98
0.50 14.6760.04 15.5060.20 1.06 30.1660.04
0.75 18.9960.04 18.5160.08 0.98 29.3560.04 28.2560.10 0.96
1.00 23.0760.03 20.3460.10 0.88 32.8060.15 32.7160.50 1.00
1.25 26.1860.09 24.6660.21 0.94 34.8660.12 35.9160.57 1.03
1.50 29.0360.25 25.9860.55 0.90 35.1260.18 37.3261.56 1.06
1.75 30.7760.08 26.4860.22 0.86 36.1260.06 35.3260.62 0.98
2.00 31.7660.25 37.9260.78

aEmpty entries imply that we could not reach a stationary value afte
3105 trial moves.
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TABLE II. Solvation energŷ U0s
p & and the second moments^(dU0s

p )2& and^dU0s
p dUss

p & fron MC simulations
at r 0s51.4, r* 50.8, bm0

2/s3510, bQ2/s550.5. Also given are the nonlinear solvation parameterxNL ,
internal energy of solvation,ep , solvation entropy,sp , and the chemical potential of solvation,mp .a

(m* )2 2b^U0s
p & b2^(dU0s

p )2& ^dU0s
p dUss

p &1 xNL 2bep 2sp /kB 2bmp

0.00 2.4760.01 2.8960.01 1.170 1.24
0.25 5.4560.01 5.0160.01 2.9360.04 0.919 3.99 1.26 2.73
0.50 6.1460.01 5.9660.01 4.3660.04 0.942 3.80 0.74 3.06
0.75 7.0060.001 7.5460.02 4.1760.08 1.077 4.92 1.42 3.50
1.00 7.6560.01 7.2160.01 4.2560.20 0.938 5.47 1.65 3.77
1.25 8.2360.01 7.9060.01 5.7760.10 0.960 5.35 1.23 4.12
1.50 8.6160.03 8.1160.03 7.3660.14 0.942 4.93 0.63 4.30
1.75 8.8860.01 8.5060.02 6.9960.04 0.957 5.39 0.95 4.45
2.00 9.1360.02 8.3360.06 7.6560.30 0.912 5.31 0.74 4.57
2.25 9.3460.01 9.0660.03 7.4560.17 0.970 5.62 0.95 4.67
2.50 9.5260.01 9.4160.35 8.0160.12 0.988 5.52 0.76 4.76
3.00 9.8460.02 9.7560.03 7.5060.20 0.991 6.09 1.17 4.92

a
Standard deviations are measured on the last 105 trial moves of the simulation runs.
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cubic simulation cell with the solvent molecules placed
the fcc lattice with random orientations. In order to avo
overlap with the solvent molecules, the solute size w
gradually increased to the desired magnitude in the cours
standard MC runs, as described in previo
publications.10~c!,13 Periodic boundary conditions with th
minimum image convention14 were employed for a cubic
simulation box of side-lengthL. The long-ranged multipola
interactions were truncated beyond the cutoff distanceRc

5L/2. The reaction-field~RF! long-range corrections with
the continuum dielectric constanteRF51000 have been
adopted for the dipole–dipole interaction potential. T
simulation results are usually reasonably insensitive to
choice ofeRF, and values ofeRF higher than the dielectric
constant of the pure solvent ensure better convergenc
dielectric and thermodynamic parameters.15 No corrections
have been made for the truncation of more short-ran
dipole–quadrupole and quadrupole–quadrupole interacti
which is the usual approximation for treating dense liqu
with quadrupoles.16,17

The simulations were performed withN5500 solvent
molecules on the SGI Challenge L-IRIX 6.5 194 MHz pr
cessor. About 40 hours of CPU time was needed for each5

trial moves~translations and rotations! per particle. The first
and the second moments of the solute–solvent interac
potential, b^U0s

p & and b2^(dU0s
p )2&, as well as the mixed

momentb2^dU0s
p dUss

p &, were measured on the last 105 trial
moves. The momentb2^dU0s

p dUss
p & is the slowest converg

ing quantity and, depending on its rate of convergence,
29)3105 trial moves were carried out. The simulation r
sults at different solute and solvent parameters are liste
Tables I–II.

B. Linear response approximation

The excess chemical potentialmp
P in Eq. ~16! is propor-

tional to the squared solute dipole moment. The perturba
expansion of Sec. III is, therefore, restricted to the line
response approximation~LRA!.18 Before used, the LRA hy-
pothesis should be tested on MC simulations. This can
achieved by applying some thermodynamic relations follo
ing from the linear solvent response.10~c! First, the solvation
s
of

s

e

of

d
s,

s

0

n

5

in

n
r

e
-

chemical potentialmp is simply related to the average inte
action energy of the solute–solvent multipolar interaction

2mp5e0s , e0s5^U0s
p &. ~19!

The average interaction energy can, in turn, be found fr
the second moment of the solute-solvent potential,

e0s5b^~dU0s
p !2&. ~20!

The two equivalent ways of calculatinge0s provide a means
of testing the LRA. The parameter

xNL5b
^~dU0s

p !2&

^U0s
p &

, ~21!

serves as a measure of deviation of the solvent response
the LRA predictionxNL51. The nonlinear solvation param
eters for dipolar–quadrupolar solvents of various polarity
listed in Tables I and II from which one can infer that th
LRA approximation holds within 10% in the range of param
eters studied. The comparison of two columns in Tabl
shows that purely quadrupolar solvents tend to produc
more nonlinear response than solvents with nonzero dip
components.

C. Solvation thermodynamics

The mixed solute–solvent/solvent–solvent mome
^dU0s

p dUss
p & enables one to extract the internal energy,ep ,

and entropy,sp , of solvation. Here,dU0s
p anddUss

p are fluc-
tuations of the solute–solvent and solvent–solvent multi
lar potentials, respectively. A route to the thermodynam
solvation potentials is provided by the fundamental relatio12

ep5e0s1ess, ~22!

representing the internal solvation energy as the sum of
average solute–solvent interaction energy,e0s , and the
change of the solvent–solvent interaction energy,ess, in-
duced by the solute~the energy of solvent reorganization!
with respect to the bulk solvent. The latter quantity is giv
in the LRA as10~c!

ess52~b/2!^dU0s
p dUss

p &. ~23!



in
th
te

en
io

i-

in

e

nt
ter-
er
rba-

n

o

e–
Pade

-

3634 J. Chem. Phys., Vol. 111, No. 8, 22 August 1999 D. V. Matyushov and G. A. Voth
If we introduce the dimensionless parameter

xs5b
^dU0s

p dUss
p &

^U0s
p &

, ~24!

then the internal energy,ep , and entropy,sp , of solvation
read as

ep5e0s~12xs/2!, ~25!

Tsp5~e0s/2!~12xs!. ~26!

With the above general thermodynamic relations
hand, we can now analyze our MC data. We start with
average solute–solvent interaction energy in order to de
mine the correction coefficientskq and kdq . According to
the LRA, one needs to comparee0s from simulations with
2mp

P. Results for purely quadrupolar solvents~Table I! give
us kq . Fortunately, the correction coefficient is independ
of yq and a simple approximation is possible. The correct
factor,

kq5211/~d512!, ~27!

was found to fit the Pade´ form to the simulation results~Fig.
1! over the whole range ofQ* values studied. Hered is the

FIG. 1. Reduced average solute–solvent interaction energy2(s3/m0
2)

3^U0s& versus the quadrupolar densityyq at r 0s51.0, r* 50.8. In the
upper panel, the Pade´ approximation is shown without~dashed lines! and
with ~solid lines! the correction factorskq , kd , andkdq @Eqs. ~27!–~29!#
for (m* )250.0 ~1! and (m* )251.0 ~2!. Points represent the simulatio
results. In the lower panel, the solute–solvent interaction energy~circles! is
split into the component due to solvent dipoles~squares! and quadrupoles
~diamonds!. Solid lines represent Pade´ results given by Eqs.~16!, ~36!,
and ~37!.
e
r-

t
n

ratio of the solute and solvent diameters,d52R0 /s. In the
previous study of solvation by purely dipolar liquids,10~c! the
correction factorkp was found to be independent of the d
polar densityyd and can be given by the relation@Eq. ~36! in
Ref. 10~c!#

kd511@d/~d11!#2. ~28!

With kq and kd known the internal solvation energies
solvents with nonzero dipoles and quadrupoles~Tables I–II!
can be fitted tokdq in the form

kdq522d5/~d512!. ~29!

The quality of the fit is illustrated in Figs. 1–2.
It is always instructive to know the partitioning of th

solute–solvent solvation energye0s into the components
arising from different interaction potentials. In the prese
model, these are dipole–dipole and dipole–quadrupole in
actions. This partitioning is straightforward from comput
simulations, but needs a separate derivation in the pertu
tion approach. The solvation energies,

e0s
115K (

j
u0s

11~ j !L and e0s
125K (

j
u0s

12~ j !L , ~30!

can be calculated from the generating functional

exp@2bmp~x,y!#

5E dG1
N~dV0/4p!exp@2bU~x,y!2bU#. ~31!

HereU5U0s1Uss,

U~x,y!5U0s~x,y!1Uss~x,y!, ~32!

dG1
N5dG1 . . . dGN , and U(x,y) is obtained by scaling of

the solvent multipolesm˜xm, Q˜yQ in the potential en-
ergy U. From Eq.~31!, it is easy to see that

FIG. 2. 2(s3/m0
2)^U0s

p & ~open circles! and (bs3/m0
2)^(dU0s

p )2& ~filled
circles! versusyd at r 0s51.4 andr* 50.8. Open and filled squares refer t
the dipole–dipole component of2(s3/m0

2)^U0s
p & and (bs3/m0

2)
3^(dU0s

p )2&, respectively. Open and filled diamonds indicate the dipol
quadrupole components of the same moments. Lines represent the´
approximation for the solvation energye0s ~upper curve! and its partitioning
into the dipole–dipole@e0s

11 , medium curve, Eq.~36!# and dipole–
quadrupole@e0s

12 , lower curve, Eq.~37!# components. Points are the simu
lation results.
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TABLE III. Coefficients of the third order density polynomialsa(r* ), b(r* ), c(r* ), andd(r* ) in the fitting functions for the perturbation integrals in Eq
~A8!–~A10!.

n

I 6
(2) I DDQ

(3) I DQQ
(3)

a b c d a b c d a b c d

0 1 0 0 0 4/5 21/2 0 1/32 5/24 0 25/64 1/128
1 0.586 1.062 20.970 0.241 0.365 0.652 21.510 0.044 0.936 21.629 10.35 26.712
2 21.390 4.608 24.134 1.194 20.656 4.779 27.378 3.770 0.330 0.509 220.530 13.990
3 0.776 22.964 3.798 21.393 0.179 22.297 5.087 22.928 20.216 1.005 10.30 27.512
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e0s
115

]mp~x,y!

]x U
x,y50

e0s
125

]mp~x,y!

]y U
x,y50

. ~33!

In order to obtain the generating functionalmp(x,y), we
need to construct the Pade´ approximant for the potentialU
1U(x,y). This procedure is straightforward along the lin
of Sec. III from whichmp(x,y) is given by Eq.~16! with the
coefficients~Appendix B!

f ~2!~x,y!5~11x!2ydI 4
~2!1~11y!2yqI 6

~2! ~34!

and

f ~3!~x,y!5~11x!2~11x2!yd
2kdI DDD

~3!

1~11y!~11x!~11xy!ydyqkdqI DDQ
~3!

1~11y!2~11y2!yq
2kqI DQQ

(3) . ~35!

From Eqs.~33!–~35! we have

e0s
1152

m0
2

s3

2ydI 4
~2!12yd

2kdI DDD
~3! 1ydyqkdqI DDQ

~3!

~11 f ~3!/ f ~2!!2 ~36!

and

e0s
1252

m0
2

s3

2yqI 6
~2!12yq

2kqI DQQ
~3! 1ydyqkdqI DDQ

(3)

~11 f ~3!/ f ~2!!2 . ~37!

In the lower panel in Fig. 1, we have shown the pa
tioning of the solute–solvent interaction energy into t
components due to the solvent dipoles and quadrupoles.
simulation results~points! are compared to the analytica
predictions given by Eqs.~36! and ~37! ~solid lines!. As is
seen from the figure, the two solvation component coinc
at (m* )251.0 and (Q* )250.5. This implies that quadru
poles are approximately twice as effective in solvating a
pole compared to solvent dipoles, atr 0s51. This does not,
however, mean that solvation in polar liquids is domina
by quadrupoles. The value of the reduced dipole momen
much as (m* )2.5.0 can be achieved in such polar solven
as acetonitrile (m53.9D, s54.14 Å). On the other hand
very few commonly used solvents have the reduced qua
pole moment as high as (Q* )250.5 @e.g., for benzene
(Q* )250.42; for carbon dioxide (Q* )250.68; for ethanol
(Q* )250.46; for dimethylsulfoxide (Q* )250.67#. There-
fore, for polar solvents like acetonitrile @(m* )2

55.2, (Q* )250.12#, acetone @(m* )251.8, (Q* )2

50.22#, nitromethane@(m* )253.76, (Q* )250.44# the di-
polar solvation mechanism will be prevailing. For less po
-

he

e

i-

d
as
s

u-

r

solvents, like tetrahydrofurane @(m* )250.56, (Q* )2

50.20#, quadrupoles and dipoles should equally contrib
to the solvation energetics.

The partitioning of the solvation energy into the quadr
polar and dipolar components depends, however, on the
ute size. The upper panel in Fig. 2 shows the first~^U0s

p &,
open circles! and the second~^(dU0s

p )2&, filled circles! mo-
ments of the solute–solvent potential versus the solvent
polar strength. The splitting of botĥU0s

p & and ^(dU0s
p )2&

into the contributions from the dipole–dipole~squares! and
dipole–quadrupole~diamonds! potentials is also shown. We
see that for the solute of the sizer 0s51.4 the solvation en-
ergies arising from the interaction of the solute with the s
vent dipoles and solvent quadrupoles are approxima
equal for the close magnitudes of the dipolar (yd.0.5) and
quadrupolar (yq.0.5) polarity parameters. The quadrupol
are thus less effective in creating the solvation stabilizat
compared to the caser 0s51.0 shown in Fig. 1. This is be
cause quadrupolar forces die off faster than dipolar forc
As a result, the relative impact of quadrupolar solvation
minishes with increasing solute size. The ratio of the quad
polar to dipolar solvation energies varies approximately a

2.0
~Q* !2

~m* !2 r 0s
24/3. ~38!

Figure 2 indicates that the quadrupolar solvation energy~dia-
monds! decays with increasingyd . This reflects increasing
breaking of the quadrupolar orientational order by the s
vent dipoles resulting in less effective quadrupolar solvati
Figure 2 also illustrates the issue of nonlinear solvation
fects. The first and the second moments are close to e
other and the deviation of the nonlinear solvation parame
xNL @Eq. ~21!# from unity ~Tables II and III! does not exceed
10%. It is also seen from Fig. 2 that the quadrupolar com
nent of the average solute–solvent energy~diamonds! shows
a more pronounced nonlinear solvation effect compared
the dipolar component.

Equations~22!–~26! provide a route to calculate the in
ternal energy and entropy of solvation. The key parame
here is the energy of the solvent reorganization that, in
LRA, is connected to the moment2b^dU0s

p dUss
p & by Eq.

~23!. This parameter and the two first moments of t
solute–solvent potential are listed atr 0s51.4, r* 50.8,
(Q* )250.5, and varying (m* )2 in Table II. Unfortunately,
the convergence of2b^dU0s

p dUss
p & is very slow, especially

for solvents with small dipolar strengths. In addition, t
moment2b^dU0s

p dUss
p & plotted against the number of tria
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moves shows relatively long plateaus that can easily be c
fused with stationary values. Therefore, only a qualitat
analysis is feasible from the simulation data.

The internal energy of solvation becomes higher w
increasingyd , whereas the entropy of solvation chang
slower~Fig. 3!. This means that the solvation free energy
highly polar solvents is dominated by the solvation ener
whereas the entropic component is more important for
vation in quadrupolar solvents. This observation has an
portant bearing on the validity of continuum models of s
vation in molecular liquids. The parameterxs @Eq. ~24!#
serves as a sensitive indicator of performance of linear
sponse theories.10~c! This is because for the LRA the chem
cal potential of solvation is quadratic in the solute dipo
moment andxs is given by the equation

xs512S yd

]

]yd
1yq

]

]yq
D ln a~yd ,yq!, ~39!

where the response functiona(yd ,yq) connects the solvation
chemical potential and the squared solute dipole in the LR

mp52a~yd ,yq!m0
2. ~40!

All terms in the response function that are independent of
polarity parametersyd andyq disappear from the logarithmi
derivative in Eq.~39!. The parameterxs is thus affected only
by the dependence of the response function on the dip
and quadrupolar strengths. By calculatingxs one can there-
fore extract the information about the solvent polarity dep
dence of the response function without complications due
geometric and other factors enteringa(yd ,yq). The PA
yields

xs5
f (3)

f (3)1 f (2) . ~41!

In the continuum Onsager treatment of dipole solvati
the solvent dependent part of the response function,

e~yd ,yq!21

2e~yd ,yq!11
, ~42!

FIG. 3. 2bmp ~triangles!, 2bup ~squares!, and2sp /kB ~circles! versus the
solvent dipolar strengthyd . Solid lines indicate the PA for the chemica
potential~m!, energy (e), and entropy (s) of solvation. Points indicate the
simulation results;r 0s51.4, (Q* )250.5, r* 50.8.
n-
e

s

,
l-
-

-

e-

,

e

lar

-
to

,

is given in terms of the solvent dielectric constante(yd ,yq).
The dependence of the dielectric constant on dipolar
quadrupolar densities follows from the Kirkwood equation

@e~yd ,yq!21#@2e~yd ,yq!11#

9e~yd ,yq!
5ydgK~yd ,yq!, ~43!

where the Kirkwood factorgK(yd ,yq) depends on bothyd

and yq ,1 although the dependence ofgK on yq is generally
unknown. In Fig. 4, the simulatedxs is compared with the
PA ~labeled as ‘‘PA’’! and the continuum~labeled as ‘‘O’’!
treatments. For the latter, two models forgK , both disregard-
ing the dependence onyq , were employed. The solid line in
Fig. 4 represents the calculation withgK(yd) taken from our
previous simulations of pure dipolar liquids10~c! and the
dash–dotted line indicates the Onsager approximationgK

51. Also included is the parameterxs with the continuum
response function taking into account the quadrupolar s
ceptibility ~dashed line! recently proposed in Ref. 4~b!.

The simulatedxs falls in between the PA and continuum
results ~Fig. 4!. Both the involvement of the quadrupola
susceptibility and the Onsager approximationgK51 worsen
the agreement with simulations. Note that the Kirkwood fa
tor gK decays withyq

1 and an inclusion of its dependence o
yq would shift thexs curve upward.19 The PA does not give
quantitatively correct energies and entropies of solvation
sulting in underestimated values of the parameterxs . Note
in this connection that the distinction between the continu
prediction and simulations for dipolar–quadrupolar liquids
not as dramatic as it was for purely dipolar solvents.10 ~c! This
is a reflection of a general trend of quadrupolar forces
break dipolar correlations in the solvent,1~b!,2~b! resulting in a
better agreement with continuum theories. The gap betw
the simulatedxs and its continuum estimate seems
broaden for smaller dipolar strengths. This is because
main shortcoming of continuum treatments of solvation
their failure to predict entropies of solvation. The increasi
entropic character of solvation for quadrupolar fluids

FIG. 4. Parameterxs calculated from the PA, and the continuum Onsag
model~O!. For the latter, the solid line indicates the calculation account
for the dependence of the Kirkwood factor onyd , the dash–dotted line is
the Onsager approximationgK51, and the dashed line includes correctio
for solvent quadrupoles according to Ref. 4~b!. The dependence of the di
electric constant onyd is taken from Ref. 10~c!. Points are simulation re-
sults;r* 50.8, r 0s51.4, (Q* )250.5.
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therefore the source of the increasing disagreement betw
the continuum solvation theory and simulations for sma
values ofyd .

V. CONCLUSIONS

We have used the Pade´ formulation of the perturbation
expansion to treat solvation in dipolar–quadrupolar solve
The standard version of the PA@Eq. ~15!# gives overesti-
mated solvation free energies, especially for the quadrup
component of solvation. The difficulty was overcome by
troducing empirical coefficients rescaling the three-parti
perturbation integrals appearing in the perturbation exp
sion. Simulations with purely dipolar10~c! and purely quadru-
polar ~Table I! solvents show that the corresponding emp
cal coefficients are independent of the solvent polarity a
can be approximated by simple functions of the solute s
For solvents with nonzero dipoles and quadrupoles the
rection parameter extracted from fitting the simulation d
depends noticeably onyd and yq . It implies that the Pade´
form does not properly take into account the effect of int
actions between solvent dipoles and solvent quadrupole
solvation thermodynamics.

The proposed parameterkqp is solvent independent an
enables us to fit the simulation data for the solute–solv
interaction energy. The deviation between the analyt
equation and the simulated values fore0s is less than the
deviations betweene0s andb^(dU0s

p )2&. This means that ou
linear response equation falls inside the uncertainties du
the nonlinear solvation effects~Fig. 2!.

The interactions between the solvent dipoles and qua
poles is the main factor determining the solvent reorgan
tion energy. The reorganization energyess is made by a com-
pensation between a very large and positive correla
2(b/2)^dU0s

p Uss
DQ& and negative and smaller in absolu

value correlators 2(b/2)^dU0s
p Uss

DD& and 2(b/2)
3^dU0s

p Uss
QQ&. As a result, any errors in calculating the e

fect of dipole–quadrupole interactions in the solvent sign
cantly impairs the accuracy of the energy and entropy
solvation. It is at this point where the main problem of t
PA lies. As a result of this deficiency, the theory gives on
approximate results for the energy and entropy of solva
~Figs. 3 and 4!.

We should note, however, that these deficiencies c
cern only the total equilibrium energy and entropy of solv
tion. In spectroscopic applications, the reorganization ene
of the solvent,ess, cancels out in the vertical energy gap a
only the correct description of the solute–solvent solvat
energye0s is necessary. For this purpose, the present the
is quite applicable. It gives the correct dependence ofe0s on
the dipolar and quadrupolar densities,yd andyq . Since tem-
perature explicitly comes only into these parameters, we
expect that thermochromic spectral coefficients may also
properly evaluated by using the Pade´ form.20
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APPENDIX A: PERTURBATION INTEGRALS

The triple perturbation integrals in Eq.~14! read as

I DDD
(3) 5

9

4 E0

` dr

r 2 E
0

` dt

t2 E
ur 2tu

r 1t ds

s2 g0ss
(0)~r ,t,s!WDDD~r ,t,s!,

~A1!

I DDQ
(3) 5

3

16E0

` dr

r 2 E
0

` dt

t3 E
ur 2tu

r 1t ds

s3 g0ss
(0)~r ,t,s!WDDQ~r ,t,s!,

~A2!

I DQQ
(3) 5

5

64E0

` dr

r 3 E
0

` dt

t3 E
ur 2tu

r 1t ds

s4 g0ss
(0)~r ,t,s!WDQQ~r ,t,s!.

~A3!

In Eqs.~A1!–~A3!, g0ss
(0) (r ,t,s) is the triple solute–solvent–

solvent distribution function of the reference HS system. T
angular factors WDDD(r ,t,s), WDDQ(r ,t,s), and
WDQQ(r ,t,s) are expressed in terms of the anglesa1 , a2 ,
anda3 in the vertices of the triangle with the sidesr , t, and
s formed by the solute and two solvent particles. They
given, according to Bell, by the relations5~a!,21

WDDD~r ,t,s!5113 cosa1 cosa2 cosa3 , ~A4!

WDDQ~r ,t,s!59 cosa3225 cos 3a3

16 cos~a12a2!~315 cos 2a3!, ~A5!

WDQQ~r ,t,s!53~cosa115 cos 3a1!

120 cos~a22a3!~123 cos 2a1!

170 cos 2~a22a3!cosa1 . ~A6!

The triple perturbation integrals were calculated from sim
lated configurations of a HS solvent10~c!,13 and by numerical
integration in Eqs.~A1!–~A3!. For the latter, the triple HS
distribution function was taken in the superposition appro
mation,

g0ss
(0)~r ,t,s!5g0s

(0)~r !gss
(0)~ t !g0s

(0~s!, ~A7!

with the pair distribution functionsg0s
(0)(r ) and gss

(0)(r ) ac-
cording to Lee and Levesque.22 Since the two procedure
result in reasonably close values of the perturbation integ
~Fig. 5!, we used numerical integration to fit the integrals
polynomials in the reduced densityr* and inverse solute
size 1/r 0s . The numerical data are fitted to the followin
relations:

I 6
(2)5

a~r* !

r 0s
5 1

b~r* !

r 0s
6 1

c~r* !

r 0s
7 1

d~r* !

r 0s
8 , ~A8!

I DDQ
(3) 5

a~r* !

r 0s
5 1

b~r* !

r 0s
6 1

c~r* !

r 0s
7 1

d~r* !

r 0s
8 , ~A9!

I DQQ
(3) 5

a~r* !

r 0s
6 1

b~r* !

r 0s
7 1

c~r* !

r 0s
8 1

d~r* !

r 0s
9 . ~A10!

The functionsa(r* ), b(r* ), c(r* ), and d(r* ) are, for
each integral, polynomials of the third order inr* with the
coefficients listed in Table III. The coefficients in the dens
polynomials were fitted using the knownr*˜0 limits,
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I 6
(2)5

1

r 0s
5 ,

I DDQ
(3) 5

4

5r 0s
5 2

1

2r 0s
6 1

1

32r 0s
8 ,

I DQQ
(3) 5

5

24r 0s
6 2

5

64r 0s
8 1

1

128r 0s
10 .

APPENDIX B: SEPARATION OF THE AVERAGE
SOLUTE–SOLVENT ENERGY INTO SOLVENT
DIPOLAR AND QUADRUPOLAR COMPONENTS

The generating functional in Eq.~31! is the partition
function of the potentialU(x,y)1U obtained by scaling the
solvent dipole and quadrupole moments:m˜xm and
Q˜yQ. Under this scaling, the solute–solvent part of t
multipolar potential becomes

u0s
p ~x,y!5~11x!u0s

111~11y!u0s
12 , ~B1!

whereu0s
11 andu0s

12 are given by Eqs.~3! and~4!, respectively.
For the solvent–solvent part of the potentialU(x,y)1U,
one has

uss
p 5~11x2!uss

111~11xy!uss
DQ1~11y2!uss

22, ~B2!

whereuss
11, uss

DQ, anduss
22 are the solvent–solvent multipola

potentials@Eqs.~7! and ~8!#.
The first expansion term~10! is bilinear in the solute–

solvent potential. Therefore,f (2)(x,y) in Eq. ~34! scales as
(11x)2 and (11y)2, according to Eq.~B1!. The second
expansion term~14! is of the formu0s

p uss
p u0s

p involving qua-
dratic terms in the solute–solvent potential@factors
(11x)2, (11y)2, and (11x)(11y) in Eq. ~35!# and linear
in the components of the solvent–solvent potential~B2! @fac-
tors (11x2), (11y2), and (11xy) in Eq. ~35!#.

FIG. 5. Triple integralsI DDD
(3) ~solid line, triangles!, I DDQ

(3) ~long-dashed line,
circles!, andI DQQ

(3) ~short-dashed line, squares! versusr 0s at r* 50.8. Points
indicate the simulation data; lines correspond to calculations using the
perposition approximation. The simulated data were obtained by extrap
ing the simulation results at the finite solute concentrationx051/(N11) to
the infinite system size withx050. The number of particles in the simula
tion box was taken asN5108, 255, and 500~Ref. 13!.
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