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Dispersion solute-solvent coupling in electron transfer reactions.
I. Effective potential

Dmitry V. Matyushov and Branka M. Ladanyi
Department of Chemistry, Colorado State University, Fort Collins, Colorado 80523

~Received 24 July 1997; accepted 16 January 1998!

Theories of electron transfer~ET! reactions and optical spectra in condensed phases consider
electronic transitions between instantaneous Born-Oppenheimer energies of the intramolecular
electronic states which depend on the system nuclear configuration. With the aim of constructing a
molecular description of the solvent effect on these phenomena, we consider in the present paper a
system composed of a polar polarizable solute immersed in a solvent of polar polarizable molecules.
The instantaneous free energies are defined in terms of partial partition functions obtained by
averaging over the electronic degrees of freedom of the solute and the solvent. Electronic
polarizabilities of the solvent molecules are modelled as quantum Drude oscillators. For the solute,
two models are considered:~i! the Drude oscillator and~ii ! the two-state solute. The former enables
us to derive the solute-solvent dispersion potential with account for the effects of nonlocal
polarizability coupling in the solvent and the many-body solute-solvent dispersion contributions.
These effects are analyzed using equilibrium theories of nonpolar liquids. The two-state description
of the solute involves redistribution of the electron density between the two localized sites. The
instantaneous adiabatic~in contrast to diabatic in the Drude oscillator model! free energy can be
derived in this case under the only restriction of the quantum character of the solvent electronic
excitations. It leads to the ET matrix element renormalized from its vacuum value due to the
equilibrium field of the electronic solvent polarization and the instantaneous field of the permanent
solvent dipoles. The theory predicts some useful relations which can be applied to treating the
solvent effect on transition moments of optical spectra. The equilibrium ET matrix element is found
to depend on the orientation of the solute diabatic transition dipole in the solute molecular frame and
the spectral shift due to solvation by permanent and induced dipoles. This offers an interesting
phenomenon of self-localization of the transferred electron~zero ET matrix element!. Finally, the
comparison of two derivations performed enables us to write down the diabatic instantaneous free
energies which can be used for a molecular formulation of the effect of the solvent and the solute
energy gap on ET rates. ©1998 American Institute of Physics.@S0021-9606~98!03315-7#
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I. INTRODUCTION

Theoretical treatments of optical spectra and activat
barriers of electron transfer~ET! reactions belong to a broa
class of problems related to the behavior of liquids w
quantum internal degrees of freedom.1 The main challenge in
treating such systems is the necessity to combine the q
tum nature of intramolecular internal modes with predom
nantly classical statistics of the disordered liquid state. T
system partition function

Z5 Trcl Trel~ r̂ ! ~1!

includes thus traces of the density matrixr̂5exp(2bH) over
the quantum electronic~el! and classical nuclear~cl! coordi-
nates. HereH is the system Hamiltonian andb51/(kBT)
with kB Boltzmann’s constant andT the temperature. Con
siderable progress in tackling such problems has b
achieved in recent years in the framework of the functio
integral description of the quantum subsystem.1,2 This for-
malism reverses the order of traces in Eq.~1! ( Trcl Trel

→ Trel Trcl) applying the machinery of the liquid stat
theory to every point of the quantum intramolecular pa
The approach becomes especially attractive in the framew
6360021-9606/98/108(15)/6362/16/$15.00
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of the diagrammatic expansion,3 when a liquid with internal
degrees of freedom becomes equivalent to an effective liq
without internal degrees of freedom and effective parame
~dipole moments, polarizabilities, etc.! to be determined
from a self-consistency relation.1 This method has been suc
cessfully applied to treating thermodynamic4 and optical5

properties of nonpolar liquids. Its main virtues are based
the possibility of switching the order of averaging over t
classical nuclear and quantum electronic degrees of free
when calculating the partition function.

The calculation of the ET probability and the spect
lineshape both involve the dynamic density matrix

r̂~ t !5exp~ iHt !r̂~0!exp~2 iHt !.

Dynamic problems present a serious challenge and dyna
of radiationless transitions can be successfully treated o
for simplest model Hamiltonians like that of the spin-bos
model.6 The physical realization of the spin-boson mod
closest to ET is that of the molecular polaron: one elect
on either of two sites in a molecule coupled to harmo
optical phonons of the lattice.7 Though the spin-boson mode
has been used to model ET reactions,6d,8,9 it is rather limited
2 © 1998 American Institute of Physics

o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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when applied to ET in liquids.10 The fundamental distinction
between solids~spin-boson model! and liquids is the ability
of the liquid molecules to translate resulting in density flu
tuations and destruction of translational order. In contras
fluctuations of harmonic oscillators which are tota
enthalpic,11 fluctuations in liquids include an entropic com
ponent of rearranging positions of the solvent molecules.
difference between the harmonic~corresponding to long-
range interactions of a quasi-macroscopic length! and density
~usually more short-ranged! modes is reflected in differen
temperature dependences of the activation barrier.12,13 This
feature is not accounted for by harmonic representation
the solvent excitations and more sophisticated models
needed for treating electronic transitions in liquid solven
This demand meets, however, with essential difficulties
realizing the above mentioned procedure of switching
trace order when applied tor̂(t). The way around the prob
lem has actually been long used in the theory of ET reacti
and optical spectra and consists in separating the dyna
and static parts of the problem in terms of instantaneous
energy surfaces.14 In the present paper, we will follow this
traditional strategy focusing on deriving the instantane
free energies in terms of molecular nuclear coordinates of
solvent. The definition of the instantaneous free energie
based on the separation of the characteristic timescales i
system.

Both the solute and solvent subsystems can generall
subdivided into fast electronic and much slower nucl
modes. The Born–Oppenheimer~BO! approximation em-
ploys this separation of the characteristic times to define
energies of electronic levels as a function of the nuclear
ordinates. In a finite-temperature thermostat, they are ca
lated by integrating out the electronic degrees of freedom

exp@2bEe#5 Trel~ r̂ ! ~2!

retaining hence the order of traces as it is in Eq.~1!. The
nuclear dynamics along the BO surfacesEe can then be
treated in a stochastic or an equilibrium transition state
malism leading to desired dynamic quantities. The definit
of the BO surfaceEe becomes, however, a nontrivial prob
lem when applied to ET systems. This is because the t
over the coupled solute and solvent quantum degrees of
dom cannot be taken in a general case. It was Pekar15 who
first suggested that the solute electron can be treated
slow one compared to the solvent electrons in terms of
adiabatic decoupling scheme. This enables one to cons
the motion of the solute electron as that of a small molecu
polaron adiabatically ‘‘dressed’’ by the field of the solve
electrons. The basic assumption is that the characteristic
quencyv05DJ/\ of transitions between the two localize
states at the solute with the adiabatic energy gapDJ is much
lower than the characteristic frequency of the solvent e
tronic excitationsvs

v0!vs . ~3!

The desire to go beyond the adiabatic Pekar approxi
tion was the motivation of recent studies of the role play
by the high-frequency solvent polarization.8,16,17These were
limited to the continuum description of the solvent and
Downloaded 05 Jan 2001  to 129.219.83.150.  Redistribution subject t
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cused only on the solvent electronic polarization neglect
the solute polarizability and thus nonpolar solvation due
dispersion solute-solvent forces. A nonzero solute pola
ability has only recently been incorporated into the dielec
continuum scheme by Kim.18 In many treatments,16,17a,d–f,18

the exact free energyEe was replaced by the ground sta
energyE85^f0uHuf0&

16,17f with the expectation value take
in the ground statef0 of an orthonormal basisf0 ,...fn

optimized by using the variational principle.15,16 This is in
fact a zero temperature variational procedure following fro
the upper Peierls bound:19

Ee<2b21ln(
f

exp~2b^fuHuf&! ~4!

in the b→` limit

Ee<E8.

Caution is, however, necessary in applying this approxim
tion, since it results in a localized symmetry-breaking tran
tion state that does not exist forEe defined according to Eq
~2!.8 ~The appearance of such false states is in fact a w
known deficiency of simple variational procedures when
plied to molecular polaron and exciton problems.7b,20! Even
such a simplified treatment does not achieve the goal of
taining anexactsolution for an arbitraryv0 /vs ratio. It ex-
ists only for two limiting cases:~i! the Pekar approximation
~3!21 ~sudden approximation in Stratt’s classification1! and
~ii ! the opposite limit of slow solvent electronsv0@vs ~self-
consistent approximation of Kim and Hynes16!. An approxi-
mate ground state energy interpolating between the
known limits was suggested by Kim and Hynes.16d The free
energiesEe for an arbitraryv0/vs ratio can be obtained by
means of Chebyshev–Markov inequalities7b or by using
variational calculations.7b,20,22Note also that the condense
phase BO scheme~2! differs in one important point from the
classical BO approximation developed for isolated m
ecules. The average over the electronic subsystem is
formed for a quantum ensemble at finite temperature of
thermal bath8,17b,22 including thus a possibility of therma
excitations both of the solvent and the solute. A similar p
cedure is employed in the one-impurity Anderson mode23

The BO surfaces in condensed phases thus become~partial!
free energies instead of energies as in the gas phase.

Now we will be a bit more specific about the syste
Hamiltonian in Eq.~2!. Under very general assumptionsH
can be split into the soluteH0

e , solvent Hs , and solute-
solventH0s parts

H5H0
e1Hs1H0s . ~5!

Here and throughout below ‘‘0’’ and ‘‘s’’ indicate the solut
and solvent, respectively. ET systems are usually viewed
complex of donor and acceptor moieties weakly coupled i
donor-acceptor complex~DAC!. The solute HamiltonianH0

e

is thus given by the sum of the HamiltoniansH0
( i ) corre-

sponding to the electron localized at the donor (i 51) and
acceptor (i 52) and a hopping HamiltonianH0

(12)
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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H0
e5(

i 51

2

H0
~ i !1H0

~12! .

The hopping Hamiltonian introduces a new timescale of
tunneling rate~hopping frequency! uV12u/\ between the two
localized states, whereV12 is the ET matrix element. There
fore, three timescales

uV12u/\, v0 , vs

characterize the electronic subsystem. Only if the charac
istic frequency24 of the solvent nuclear motionsvn is larger
than the tunneling rate can we use the whole solute Ha
tonianH0

e in Eq. ~2!. The ET rate is controlled in this case b
the nuclear dynamics over the BO surfaceEe.25 In the oppo-
site caseuV12u/\!vn , the ET rate is controlled by the tun
neling rate at the intersection point of the two diabatic B
surfaces

exp@2bEi #5 Trel~exp@2bHi # !, ~6!

where the diabatic HamiltoniansHi

Hi5H0
~ i !1Hs1H0s

~ i ! ~7!

are defined by substitutingH0
( i ) instead ofH0

e in Eq. ~5!.
The motivation for the present paper is to calculate

instantaneous BO free energiesEe ~2! and Ei ~6!26 not re-
stricted to the continuum solvent model, as in previo
studies,8,16–18 and suitable for nuclear averaging in th
framework of liquid state theories. A molecular theory of E
activation based on this development will be presented
forthcoming paper.27 Our aim is also to show how nonequ
librium functionals of collective solvent coordinates~e.g.,
solvent polarization! commonly used in ET and allied
applications16–18 appear as a result of a rigorous adiaba
elimination of the electronic degrees of freedom. Our tre
ment of instantaneous free energiesEe goes beyond the Pe
kar approximation and is valid for an arbitrary ratiov0 /vs

under the assumption of quantum excitations of solvent e
trons. Since our particular interest is to understand the ef
of the solute-solvent dispersion coupling on the ET ene
gap law, we chiefly focus here on the derivation of the d
persion potential in Sec. II employing two models of solu
polarizability: quantum Drude oscillator and two-state mo
els. In particular, we analyze the effect of nonlocal inter
tions between induced solvent dipoles and the role of ma
particle solute-solvent response on the interaction poten
The virtues and shortcomings of the two models are analy
in Sec. III where the effective interaction potential is writte
down. Section IV concludes with the comparison of our de
vation to other results and discussion focusing on the solv
renormalization of the ET matrix element and its con
quences for optical spectroscopy.

II. INSTANTANEOUS FREE ENERGIES

We will assume that intramolecular electronic transitio
proceed between two localized electronic states within
DAC. The charge distribution within the DAC varying in th
course of ET will be represented by its initialm01 and final
m02 dipole moments, the higher multipoles will be disr
garded. The BO free energies will be calculated for the s
Downloaded 05 Jan 2001  to 129.219.83.150.  Redistribution subject t
e

r-

il-

e

s

a

t-

c-
ct
y
-

-
-
y-
l.
d

-
nt
-

s
e

s-

tem of a polar polarizable solute in a polar polarizable s
vent. Two models of polarizable molecules are mo
frequently used in condensed phase theories:~i! the Drude
oscillator model5,4,28 and ~ii ! the two-state model.29a,30 The
former is simpler and is easily adjustable to use in liqu
state calculations.5,4 The latter is more realistic and can b
extended to a larger basis set.18,29bTo derive the BO instan-
taneous free energies we employ below both models for
solute and restrict ourselves to the Drude oscillator model
the solvent polarizability.

A. Drude oscillator model

Since the Drude oscillator model does not allow cha
redistribution between the two localized states at the DA
we will consider in this subsection only diabatic instan
neous energiesEi given by Eq.~6!. State dependent dipol
momentsm0i and polarizabilitiesa0i ( i 51 for the initial and
i 52 for the final state, respectively! are assigned to the
DAC, whereas the solvent molecules are assumed to
dipole momentsmj and polarizabilitiesaj . Since we assume
below the anisotropic form for the solute polarizability,a0i

and aj are given as the rank-two tensors. For polariza
molecules, the solute and the solvent dipole moments
sums of permanent (m0i and m) and induced (p0 and p)
components. The solute-solvent part of the diabatic Hami
nians~7! reads

H0s
~ i !5U0s

rep2(
j

~m0i1p0!•T0 j•~mj1pj !, ~8!

whereT is the dipole-dipole interaction tensor,U0s
rep is the

solute-solvent repulsion potential, and the sum runs over
N solvent molecules. To proceed further, we need a mo
describing intramolecular charge fluctuations resulting in
duced dipole moments. In the quantum Drude oscilla
model the solute and the solvent Hamiltonians read

H0
~ i !5I i1

1
2v0

22ṗ0•a0i
21

•ṗ01 1
2p0•a0i

21
•p0 ~9!

and

Hs5Us
rep1 1

2(
j

~vs
22ṗj•aj

21
•ṗj1pj•aj

21
•pj !

2 1
2(

j ,k
~mj1pj !•T̃ jk•~mk1pk!, ~10!

where T̃ jk5T jk(12d jk). In Eqs. ~9! and ~10! I i are the
vacuum energies of the electron in thei th state andUs

rep is
the solvent-solvent repulsion potential.

Equations ~7!–~10! form the system diabatic Hamil
tonian Hi . Here the Drude oscillator model introduces t
simplification of equidistant (\v0 and\vs) electronic levels
in the solute and solvent molecules. The second order qu
tum perturbation theory commonly used in deriving interm
lecular potentials31 does not contain this restriction. How
ever, we have chosen the Drude model based upon its
significant virtues:~i! the finite temperature averaging~6! is
feasible in the quantum harmonic bath formalism used be
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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and~ii ! an accurate definition of the interaction potential f
a general form of solute and solvent polarizabilities is p
sible.

With the HamiltoniansHi in hand we can calculate th
free energiesEi . We will take the trace in Eq.~2! by apply-
ing the path integral approach within the imaginary tim
interval.2,5 Accordingly, Eq.~2! can be rewritten as

exp@2bEi #5E exp~2\21Si@p0 ,pj # !Dp0Dp, ~11!

where

Si@p0 ,pj #5E
0

b\

Hi@p0~t!,pj~t!#dt.

The integral over trajectoriesp0,j (t)

Dp0Dp5 )
n52`

`

dp0n)
j

dpjn ,

can be replaced by that over the the Fourier component
the quantum oscillator coordinates

pjn5E
0

b\

pj~t!exp~ ivnt!dt,

pj~t!5~b\!21(
n

pjnexp~2 ivnt!,

where the frequenciesvn52pn/b\ correspond to periodic
boundary conditionspj (0)5pj (b\) of a boson field.

The actionSi@p0 ,pj # is Gaussian inp0n andpjn and the
integral ~11! can thus be computed exactly.32 The effective
energy becomes a rather cumbersome expression whic
simplify by disregarding the solute-solvent induction intera
tions involving more than three particles and replacing
bare solvent polarizabilityaj by its ‘‘dressed’’ valueaj

`

renormalized due to the field of the surrounding induced
poles. The diabatic energiesEi attain the form32,33

Ei5I i1U rep2(
j

m0i•T0 j•mj2
1
2(

jk
mj•T̃ jk•mk

2 1
2(

jk
mj•T j 0•a0i•T0k•mk

2 1
2(

j
m0i•T0 j•aj

`
•T j 0•m0i

2~2b!21 Tr(
n j

~ lnp~n!! j j . ~12!

In Eq. ~12!, U rep5U0s
rep1Us

rep, the trace in the last summan
is taken over the Cartesian components of the dipole tens
and

pjk
~n!5d jk12aj

~n!
•T̃ jk2aj

~n!
•T j 0•a0i

~n!
•T0k ,

where a0i
(n)5a0iv0

2/(v0
21vn

2) and aj
(n)5ajvs

2/(vs
21vn

2)
are the polarizabilities of unperturbed Drude oscillato
evaluated at the imaginary frequencyivn .

The effective solvent polarizabilitya` is enhanced com
pared to its vacuum valuea due to the field of the surround
Downloaded 05 Jan 2001  to 129.219.83.150.  Redistribution subject t
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ing induced dipoles of the solvent. Following the argume
tation of the theory of nonpolar liquids,4,5,30a a` can be
represented in the form

aab
` 5@a•~122a`~a`!a!21#ab , ~13!

wherea`(a`) denotes the response function of the induc
solvent field gauging its solvation power. It is obtained fro
the internal energy2(3a`/b)a`(a`) of induced solvent
dipoles depending ona`5(1/3) Tr(a`). Equation ~13! is
thus a self-consistent relation with respect toa`.

Now we embark on a detailed analysis of the dispers
potential @the last summand in Eq.~12!#. The treatment of
dispersions is complicated by their nonpairwise charac
originating from~i! the nonadditive polarization coupling be
tween the induced solvent dipoles and~ii ! the many-body
solute-solvent interactions. The first feature results in a n
local character of the effective pairwise solute-solvent pot
tial. The second point arises from the series expansion of
logarithm in Eq. ~12! and involves products of the loo
solute-solvent-solute excitations. We analyze both effects
low and first split the last summand in Eq.~12! into the
solvent-solvent,Us

disp, and solute-solvent,U0s,i
disp, parts

~2b!21 Tr(
n j

~ lnp~n!! j j 5Us
disp1U0s,i

disp

with

Us
disp5~2b!21 Tr(

n, j
~ ln~12a~n!

•T̃!! j j ,

U0s,i
disp5~2b!21 Tr(

n, j ,k
~ ln~12~12a~n!

•T̃! jk
21ak

~n!
•Tk0

•a0i
~n!

•T0 j !!. ~14!

The inverse matrix

~12a~n!
•T̃! jk

215d jk11aj
~n!

•T̃ jk

1(
m

aj
~n!

•T̃ jm•am
~n!

•T̃mk1 . . .

generates under the logarithm inU0s,i
disp an infinite tensor se-

ries usually considered in the theory of nonpolar fluids. T
diagrammatic analysis of such series has been performe
Wertheim33 and we will follow here that procedure. Th
structure of expansion graphs remains the same for e
summand overn in Eq. ~14!.5 We can therefore calculat
eachn-component separately. Let us consider the first exp
sion term of the solute-solvent dispersion potential in E
~14!

Fn~12!5 Tr~a0i•T01•@~12a~n!
•T̃!21

•a~n!#12•T20!,

where
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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@~12a~n!
•T̃!21

•a~n!#125d12a1
~n!1a1

~n!
•T̃12•a2

~n!

1(
k

a1
~n!

•T̃1k•ak
~n!

•T̃k2

•a2
~n!1 . . . .

In the diagrammatic formalism,Fn(12) can be represente
as a sum of graphs composed of a white circle referring
the solute and some black circles representing solvent s
each bearing the vacuum polarizabilityaj

(n) . The white circle
and the black circles are connected byT-bonds. The loop
diagrams starting and ending at the same black circle ca
included into renormalized vertices replacing the vacuum
larizability aj

(n) by the graphBn( j ) representingaj
(n) in the

field of the solvent induced dipoles acting on thej th mol-
ecule. The remaining diagrams, according to Wertheim,33 are
the chains of irreducible graphs without bridge points a
with the factorBn associated with each black point. As
result,Fn(12) is given by

Fn~12!5 Tr~a0i
~n!

•T01•Ân~12!•T20!, ~15!

where

Ân~12!5Bn~1!d121An~12!. ~16!

The first term in~16! accounts for the one-particle solve
excitations whereas the second term is caused by the c
lations between the induced dipoles of different molecu
The tensorÂn(12) depends on the configurations of all t
solvent molecules representing the many-body characte
the solute-solvent coupling@recall that the nuclear averagin
is left out of Eq.~6!#. In order to reduce the problem to a
effectively pairwise potential, we replace the response fu
tion Ân(12) by its value averaged over the nuclear config
rations of all N22 solvent molecules excluding the prob
particles 1 and 2:Ân(12)5^Ân(12)& j Þ1,2. This yields33

Ân~12!5a1
~n!`d121ra1

~n!`
•Hn~12!•a2

~n!` , ~17!

where r is the solvent number density and the correlat
second-rank tensorHn(12) can be written as

Hn~12!5hn
D~r 12!11hn

D~r 12!D12, ~18!

where r̂ jk5r jk /r jk and

Djk53r̂ jk r̂ jk21 . ~19!

Now, in order to obtain the effective pairwise solute-solve
dispersion potential, we will integrate over the center-
mass positions and orientations of one of the two probe
ticles. This results in

U0s,i
disp5~2b!21 Tr(

n, j
lnF12a0i

~n!
•T0 j•E Ân~ j 2!

•T20d2G . ~20!
Downloaded 05 Jan 2001  to 129.219.83.150.  Redistribution subject t
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In Appendix A we show that the inclusion of the nonloc
correlation effects represented byHn(12) in ~17! results in
the appearance of the Kirkwoodg-factor of the induced sol-
vent dipolesgK,n

` multiplying a(n)` so that

U0s,i
disp5~2b!21(

n, j
ln@12gK,n

` aj
~n!`

•T j 0•a0i
~n!

•T0 j #.

~21!

The simplification~21! is achieved by replacing the nonloc
polarizability interactions by an effective pairwise potenti
The dispersion potential~21! includes thus only the product
of pairwise interactions when the logarithm is expanded i
series. If we take only the first non-vanishing term in t
expansion, we get@gK,n

` is replaced bygK
`5gK,0

` #

U0s,i
disp52

gK
`

2b(
n, j

v0
2vs

2

~v0
21vn

2!~vs
21vn

2!
Tr~aj

`
•T j 0•a0i•T0 j !.

~22!

The sum overn can be computed using residue calculus4d

b21(
n

v0
2vs

2

~v0
21vn

2!~vs
21vn

2!

5
\v0vs

2~vs
22v0

2!
@vs coth~b\v0/2!2v0 coth~b\vs/2!#.

~23!

Under the conditions of quantum excitation frequencies

b\v0@2 and b\vs@2 ~24!

and isotropic solute and solvent polarizabilitiesaab
`

5a`dab , a0,ab5a0dab Eqs. ~22! and ~23! reduce to the
well-known London form31

U0s,i
disp52

3a0igK
`a`

2

\v0vs

v01vs
(

j

1

r 0 j
6

~25!

which still differs from its gas-phase analog by the repla
ment ofa by gK

`a`.
In the potential~25! the dependence on temperature

eliminated due to the conditions~24! excluding occupation
of the solute and solvent electronic states by thermal exc
tions of the thermostat. Throughout below we will assum
quantum excitation energy\vs for the solvent molecules
implying the second inequality~24! to be valid. The first
inequality in ~24! can however be violated under the E
resonance condition. Therefore, the solute-solvent disper
coupling should be taken in the form

U0s,i
disp5

gK
`\v0vs

4~vs
22v0

2!
Fvs coth

b\v0

2
2v0G

3(
j

Tr~aj
`
•T j 0•a0i•T0 j !. ~26!

Whenb\v0,2, the solute is excited by the thermostat the
mal motion and the dispersion potential becomes prop
tional to T
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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U0s,i
disp5~gK

`kBT/2!(
j

Tr~aj
`
•T j 0•a0i•T0 j !. ~27!

The possibility that the dispersion potential is proportiona
T in the classical limit of high temperatures has been m
tioned already by Linder.34 We, however, have not foun
analogs of the more general Eqs.~23! and ~26! in the text-
books on intermolecular interactions.31,35 An expression
analogous to Eq.~23! for the symmetrical casevs5v0 ap-
peared in the study by Cao and Berne36 of Lennard–Jones
~LJ! clusters. They however used only its quantum limit~25!.

The natural question arising in connection with the tru
cation ~22! of Eq. ~21! is the contribution of higher-orde
terms. The whole expansion of the logarithm in Eq.~21! is
calculated in Appendix A. The ratio of the second and
first order expansion terms in Eq.~21! is shown there to be
.3a0a/(4r 0 j

6 ). This can be evaluated by using an appro
mation a05s0

3/16, a5s3/16 @s0 and s are the solute and
solvent hard sphere~HS! diameters# and r 0 j5(s01s)/2.
The ratio thus becomes 3s0

3s3/@16(s1s0)6#. Even for the
solute and solvent of equal size, the second term in the
pansion~21! is just 3/1024 of the first one. The ratio de
creases quickly with increasing size asymmetry and we
safely use the truncation~22! disregarding the higher orde
terms in~21!. Our present analysis thus shows that both
nonpairwise effects~due to the solvent-solvent polarizatio
coupling, Appendix A! and the many-body solute-solve
forces ~Appendix B! have only a very minor effect on th
dispersion interaction potential. This result is in agreem
with the analogous conclusion drawn by Cao and Berne fr
simulations of LJ clusters.36

B. Two-state solute model

We now calculate the adiabatic instantaneous energyEe

given by Eq.~2! for the two-state model of the solute. Th
approach has several important virtues:~i! it explicitly in-
volves the charge redistribution between the two localiz
states in the DAC,~ii ! explicit form for the solute polariz-
ability, and ~iii ! the time separation requirements discuss
in the Introduction are revealed in a transparent way from
derivation. The vacuum solute Hamiltonian can be rep
sented in terms of the fermionic creationc1(r ) and annihi-
lation c(r ) operators of the transferred electron at the poinr

H0
e5E c1~r !F(

i 51

2

H0
~ i !1H0

~12!Gc~r !dr .

In the vacuum two-state solute basisf1(r ), f2(r ),
H0

( i )f i(r )5I if i(r ), ^f i uf j&5d i j we have c1(r )
5a1

1f1* (r )1a2
1f2* (r ) andH0

e reads

H0
e5I 1a1

1a11I 2a2
1a21V12~a2

1a11a1
1a2!, ~28!

where ai
1 and ai refer to thei th state. The solute-solven

interaction Hamiltonian by the same token takes the form

H0s5U0s
rep2 (

i ,k51

2

ai
1ak(

j
m0

jk
•T0 j•~mj1pj !,
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wherem0
ik5^f i um̂0ufk& is the matrix element of the solut

dipole operatorm̂0. Note that the diagonal termsm0
i i arem0i

in our notation above. The sum ofH0
e andH0s is

H0
e1H0s5U0s

rep1(
i 51

2

Ĩ i@$mj ,pj%#ai
1ai1Ṽ12@$mj ,pj%#

3~a2
1a11a1

1a2!, ~29!

where, under the assumptionm0
ik5m0

ki ,

Ĩ i@$mj ,pj%#5I i2(
j

m0i•T0 j•~mj1pj !,

Ṽ12@$mj ,pj%#5V122(
j

m0
12

•T0 j•~mj1pj !.

Now the instantaneous free energiesEe can be obtained by
integrating over the electronic degrees of freedom. We p
form this as above in the form of a Euclidean path integr
One correction of Eq.~2! is, however, first necessary. Sinc
we adopted the description of the two-level system in ter
of creation and annihilation operators, we need also to de
mine the chemical potentialme of the two-level system in
order to ensure correct statistics of the finite-temperat
quantum system. The value ofme is derived from the condi-
tion that only one electron can occupy the two levels of
solute

^N̂&5 Trel~N̂exp@2b~H0
e2meN̂!# !51, ~30!

whereN̂5a1
1a11a2

1a2. Ee can be obtained from the func
tional integral over the solvent and solute quantum degr
of freedom in the holomorphic representation.37 The func-
tional integral over the solute electronic subsystem result
the grand-partition function.7c The canonical partition func-
tion can then be obtained by differentiating over the fugac
z5exp(bme). We thus get

exp@2bEe#5
]

]z
Trel~exp@2b~H2meN̂!# !uz50

5
]

]zE exp~\21S0s@ai* ,ai ,pj #

2\21Ss@pjn# !DpDM uz50 . ~31!

In Eq. ~31! the measure

DM5)
k51

2

)
b\>t>0

dak* ~t!dak~t!

2p i

defines functional integration over the Grassmann fi
amplitudes38 ai* (t) andai(t) with aperiodic boundary con
ditions ai(0)52ai(b\).37 The actionS0s@ai* ,ai ,pj # is de-
fined as
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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S0s@ai* ,ai ,pj #5E
0

b\

(
i

@\ai* ~t!]tai~t!1~me

2 Ĩ i@$mj ,pj~t!%#!ai* ~t!ai~t!#dt

2E
0

b\

Ṽ12@$mj ,pj~t!%#~a1* ~t!a2~t!

1a2* ~t!a1~t!!dt.

The quantum Drude oscillator model is retained for the s
vent induced dipoles and the actionSs@pjn# is

b\Ss@pjn#5 1
2 (

j ,k,n
pjn•~aj

~n!21d jk2T̃ jk!•pkn* .

The integration over the Gaussian fieldspjn yields the action
in terms of only the fermionic amplitudesai* and ai that
contains convolution terms of the form

E
0

b\E
0

b\

ai* ~t!ak~t!G~t2t8!am* ~t8!an~t8!dtdt8, ~32!

where for the isotropic solvent polarizabilitya j ,ab
(n)

5a (n)dab we have

G~t2t8!5(
n

a~n!~12a~n!T̃!21exp@ ivn~t2t8!#. ~33!

The zeroth order ina (n)T̃ term in ~33! leads to the usua
Green’s function of a quantum harmonic bath

G0~t2t8!51 (
n

a~n!exp@ ivn~t2t8!#

51
ab\vs

2

coshvs~ ut2t8u2b\/2!

sinh~b\vs/2!
.

G(t2t8) determines the retardation of the solvation of t
solute electronic states by the solvent electrons in the cas
comparable time scales of the electronic subsystemsv0 /vs

;1. This retardation is eliminated in terms of the Pekar
proximation ~3! when the two time scales differ substa
tially. The Grassmann amplitudesai* (t) andai(t) evolve on
the characteristic timescale\/uDI u. When the transferred
electron is much more sluggish than the solvent electr
uDI u/\!vs , the problem can be simplified by replacin
G(t2t8) by a delta function

G~t2t8!5b\a~12aT̃!21d~t2t8!. ~34!

This removes the correlation terms resulting in a two-le
description of the solute electronic subsystem in an adiab
field of the solvent electrons. The effective action takes
form
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Seff@ai* ,ai #5(
i 51

2 E
0

b\

@\ai* ~t!]tai~t!

1~me2Ei !ai* ~t!a~t!#dt

2V12
effE

0

b\

@a1* ~t!a2~t!1a2* ~t!a1~t!#dt.

~35!

In deriving Eq.~35! we used the relation valid for the ferm
onic operators (ai* (t)ai(t))25ai* (t)ai(t), ai* (t)ai* (t)
50, and the commutation rules.38 In Eq. ~35!, the diabatic
energiesEi are given by the expression

Ei5I i2(
j

m0i•T0 j•mj2~a/2!(
j ,k

m0i•T0 j

•~12aT̃! jk
21

•Tk0•m0i

2~a/2!(
j ,k

m0
12

•T0 j•~12aT̃! jk
21

•Tk0•m0
12 ~36!

and the effective ET matrix element is

V12
eff5V122m0

12
•R@m̄0#. ~37!

The charge-transfer matrix element~37! is renormalized by
the reaction field of the solvent

R@m̄0#5(
j

T0 j•~mj1a~12aT̃! jk
21

•Tk0•m̄0!

including the reaction field of the induced dipoles (Re) on
the mean solute dipolem̄05(m011m02)/2 and the instanta-
neous field of the solvent permanent dipoles (Rp). The
former can be written in the linear response approximation

Re@m̄0#52mem̄0 ~38!

with me referring to the response function of the induc
solvent dipoles~the solvation free energy of the dipolem0i is
thusmem0i

2 ). In the continuum approximation it reads

me5
e`21

2e`11

1

R0
3

, ~39!

whereR05s0/2 is the solute HS radius ande` is the high-
frequency solvent dielectric constant. The instantaneous fi
of the solvent permanent dipoles can be attributed to an e
librium field created by a fictitious solute dipolem0

fic ,14asuch
that

Rp@m0
fic#5(

j
T0 j•mj52mpm0

fic ,

wheremp is the response function of the liquid permane
dipoles. It reads in the continuum description (es is the static
solvent dielectric constant!

mp5F es21

2es11
2

e`21

2e`11G 1

R0
3

. ~40!

We thus can recastV12
eff in the form
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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V12
eff5V1222mp~m0

12
•m0

fic!22me~m0
12

•m̄0!. ~41!

Somewhat similar relations for the renormalized equilibriu
charge-transfer coupling have been obtained in previ
studies employing dielectric continuum models for t
solvent.16a–c,17d

The derivation performed above indicates also the ori
of the problem with the self-consistent variational princip
in the limit of fast solvent electrons.8,16 If we had replaced
the HamiltonianH in Eq. ~2! by its ground state matrix ele
ment, we would get instead of Eq.~32! correlations of the
form

E
0

b\E
0

b\

ni~t!G~t2t8!nk~t8!dtdt8,

whereni(t)5^f0uai* (t)ai(t)uf0&. Then the use of the ker
nel ~34! would result in terms}ni(t)nk(t) that do not ap-
pear in a rigorous treatment.

The instantaneous energyEe can now be obtained by
integrating over the Grassman amplitudesai* (t), ai(t) in
Eq. ~31! with the action~35!. The same procedure for th
chemical potentialme in Eq. ~30! yieldsme5(E11E2)/2. As
a result, the energyEe is given by

Ee5 1
2~E11E2!2b21 ln@2 cosh~bDẼ/2!#, ~42!

where DẼ5ADE214uV12
effu2 and DE5E22E1. Equation

~42! coincides with the free energy of the spin-bos
Hamiltonian2,8,22c calculated to zeroth order inv0 /vs . An
improvement of this result for an arbitraryv0 /vs is possible
for a quantum solventb\vs@2. In this case, the infinite
perturbation series over the hopping HamiltonianH0

(12) can
be summed in the basis of the coherent solvent states.7a The
result of this procedure is the energy~42! with the ET matrix
elementV12

eff replaced by

Ṽ125V12
effexp~2 1

2Se!, Se5meDm0
2/\vs . ~43!

The exponential factor renormalizing the hopping frequen
is the classical Holstein result39 rederived in the literature
several times later on.7a,9,16d,17fUnfortunately, this procedure
cannot be extended to take into account the coupling of
off-diagonal ET matrix element to the solvent electronic e
citations responsible for dispersion forces. We therefore
tain the dispersion term in Eq.~20! in the form correspond-
ing to the Pekar adiabatic time-separation~3!. In the next
section we construct a hybrid potential incorporating the
sult of the Drude oscillator model for the dispersion solv
tion into the free energyEe derived in this section.

III. EFFECTIVE POTENTIAL

The Drude oscillator model does not specify the pol
izabilities used as input parameters determining the am
tudes of harmonic induced dipole fluctuations in the Dru
Hamiltonians~8! and ~9!. The important virtue of the two-
state model is that it provides the dispersion potential
terms of the solute transition dipoles. The comparison of
two models hence tells us what kind of polarizabiliti
should be substituted into the instantaneous diabatic ene
Ei following from the Drude model.
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Equations~36! and ~37! obtained above for a two-stat
solute model are easily extendable to a more general so
basisfk , k51, . . . ,M . The diabatic energies are then

Ei5I i2(
j

m0i•T0 j•mj2~a/2! (
j ,k,l

m0
i l
•T0 j•~12aT̃! jk

21

•Tk0•m0
l i ~44!

and the matrix elementVim between the solute statesi andm
is renormalized to

Ṽim5FVim2(
j

m0
im

•T0 j•mj2~a/2!(
j ,k,l

m0
i l
•T0 j

•~12aT̃! jk
21

•Tk0•m0
lmGexpS 2

me~m0i2m0m!2

2\vs
D .

With account for the nonlocal dispersion effects conside
in Sec. II A, the last term in Eq.~44! can be recast as fol
lows:

u0→s,i
ind ~0 j !1u0s,i

disp~0 j !52
a`gK

`

2 F ~ ŝ0•T0 j•T j 0• ŝ0!um0i u2

1~ p̂•T0 j•T j 0•p̂!(
lÞ i

um0
i l u2G ,

~45!

wherea` is given by Eq.~13! and the high-frequency Kirk-
wood factorgK

` is defined in Eqs.~20! and ~21! and in Ap-
pendix A. In Eq.~45! ŝ05m0i /m0i and p̂5m0

i l /m0
i l are unit

vectors which in a general case do not coincide a
u0→s,i

ind (0 j ) refers to the induction interaction between t
solute permanent dipole and the induced dipole positione
the j th solvent molecule. The dispersion potential in Eq.~45!
is determined by the sum over the diabatic solute transi
dipolesm0

i l .40 For the vacuum solute polarizability built o
m0

i l

a0i ,ag52(
lÞ i

m0,a
i l m0,g

l i

I l2I i
, ~46!

we get for a two-state solute41

a01,ag52da,pdp,gum0
12u2/DI ,

a02,ag522da,pdp,gum0
12u2/DI , ~47!

and

u0s,i
disp~0 j !52

ua0iDI ua`gK
`

4

3~ r̂0 j•p̂!211

r 0 j
6

,

where r̂0 j5r0 j /r 0 j . This coincides with the Drude mode
result ~26! in the limit of v0 /vs→0 and the anisotropic
solute polarizability~47! with the only nonzero componen
alongp̂. The fact that the diabatic energies~36! and~44! are
of zeroth order inv0 /vs is responsible for the distinction
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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between the two models when the difference of the solu
solvent dispersion couplings in the two states is conside
From Eq. ~45! we see that Du0s

disp(0 j )5u0s,2
disp(0 j )

2u0s,1
disp(0 j ) is governed by the virtual electronic transition

to the levels other than the two ET states. In the two-s
truncation of the solute basis the dispersion potential is he
state-independent. This contradicts however the quan
mechanical perturbation theory.31 The origin of the discrep-
ancy becomes clear if we apply the two-state truncation
both the solute and the solvent in the quantum mechan
perturbation framework. For the isotropic solvent and ani
tropic solute polarizabilities the difference of the dispers
potentials becomes

Du0s
disp~0 j !52

gK
`a`vs

2
~ p̂•T0 j•T j 0•p̂!

3um0
12u2S 1

vs2v0
2

1

vs1v0
D . ~48!

This givesDu0s
disp(0 j ) from Eq. ~45! whenv0 /vs→0 is as-

sumed, which is also the condition of employing t
d-function kernel~34!. However, the difference~48! is of
first order inv0 /vs and forvs@v0 reads

Du0s
disp~0 j !52gK

`a`
v0

vs
~ p̂•T0 j•T j 0•p̂!um0

12u2. ~49!

The same result follows from the London dispersion pot
tial with the two-state solute polarizability~47!. We thus see
that the dispersion interaction and the induction coupling
the solute permanent dipole to the solvent polarizability
essentially the same in the Drude oscillator and the two-s
models when the Pekar limit~3! is in order. We can therefore
improve the result of the two-state derivation by substitut
the Drude oscillator result for the dispersion potential in
the diabatic energiesEi entering the free energyEe.

What seems still to be missing from the diabatic energ
~44! is the induction potential coupling the solute induc
dipole with the solvent permanent dipoles

Us→0,i
ind 5(

jk
us→0,i

ind ~0 jk !,

us→0,i
ind ~0 jk !52 1

2mj•T j 0•a0i•T0k•mk . ~50!

Except for the terms with equal indicesj 5k, this potential is
a three-particle one. It causes a coupling of the solvent
poles which depends on the solute state. We recently
sessed the corresponding interaction energy based on ex
mental data on optical thermochromism.42 It should still be
recalled that the outcome of integrating out the electro
degrees of freedom of the solute is the instantaneous en
Ee composed of the diabatic energiesEi ~36! and the
solvent-dependent ET matrix elementṼ12 ~43!. The expan-
sion of Ee over the small~in the far from resonance region!

parameteruṼ12u/uDEu gives

Ee5
E11E2

2
7

DE

2
7

~Ṽ12!
2

DE
, ~51!
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where ‘‘2’’ and ‘‘ 1’’ correspond to the ground and excite
energy surfaces. When we substituteṼ12 from Eq. ~37! into
the above relation and take the diabatic limitV12→0, the last
summand yields the analog of the induction potential~50!.
The switch of the sign of the last summand in Eq.~51! cor-
responds to the change in the sign of the solute polarizab
of a two-state solute in Eq.~47!. It implies that the two-state
polarizability can indeed be substituted into the inducti
potential~50!.

The derivation just performed enables us to draw t
important conclusions~i! the Drude oscillator and two-stat
models are isomorphic in predicting diabatic free energiesEi

when the solute polarizability~46! built from diabatic solute
transition dipoles is used in the Drude model and~ii ! the zero
order Pekar approximation~3!, mathematically expressed b
Eq. ~34!, should be used with caution and at least the fi
order in v0 /vs correction to the kernel~34! is needed to
reproduce correctly the variation of the dispersion poten
Du0s

disp. The Drude oscillator model has however its ow
limitations which we consider next.

The diabatic energiesEi are the partial free energies ob
tained from calculating the partition functions over only t
fast electronic degrees of freedom of the solvent and
solute. In contrast to the HamiltoniansHi , the thermody-
namic character of the energiesEi is reflected by their de-
pendence on temperature shown in Eq.~26!. This appears
due to the summation over the thermal excitations of
solute harmonic oscillator representing the solute indu
dipole in the Drude oscillator model. The Drude oscillat
reasonably represents a two-state solute only for high e
tation energiesb\v0@1 when only the ground and first ex
cited states are effectively involved. Forb\v0.1, the
Drude model introduces a manifold of closely spaced
bronic levels absent in a two-state solute. Therefore, the
pearance of the solute-solvent dispersion potential~27! pro-
portional to temperature is an artifact of the Drude mo
when applied to a two-state DAC. This result however poi
to the fact that the dispersion potential acquires tempera
dependence if one of the two interacting particles conta
closely spaced~degenerate or nearly degenerate on thekBT
energy scale! electronic levels. This situation may occur
complex molecular moieties composing the DAC.

We can now write down the effective diabatic potent
of a two-state ET solute with a polar polarizable solvent

Ei5I i1U rep1Us
disp1U0s,i

dip 1U0s,i
disp1U0→s,i

ind 1Us→0,i
ind .

~52!

The dipolar potential here is

U0s,i
dip 5(

j
u0s,i

dip ~0 j !, u0s,i
dip ~0 j !52m0i•T0 j•mj . ~53!

The induction potentials for the isotropic solvent and ani
tropic solute~47! polarizabilities read

U0→s,i
ind 5(

j
u0→s,i

ind ~ j !,

u0→s,i
ind ~0 j !52

a`m0i
2

2

3~ ŝ0• r̂0 j !
211

r 0 j
6

, ~54!
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.



-

ti-

op
io
e
h
ec
f
tiv
he
ce
tu

ta
A
es
o

rs
-

t

re
c

-
r
-
s

de
t
e

c-
in

ical
rting

ate
in

o-

r

e
on-
e

a-
rix
n

of

on
lts
de-
ors
li-
the

rix

ent
o-

ent

-

c-
ual
ten

rs

6371J. Chem. Phys., Vol. 108, No. 15, 15 April 1998 D. V. Matyushov and B. M. Ladanyi
Us→0,i
ind 5(

jk
us→0,i

ind ~0 jk !,

us→0,i
ind ~0 jk !52

a0im
2

2

D~0 j !D~k0!

r 0 j
3 r k0

3
, ~55!

where D(0 j )53(p̂• r̂0 j )( r̂0 j• ŝj )2p̂• ŝj and ŝj5mj /m. The
solute polarizabilities in~55! are given by the two-state ex
pression~47!. The dispersion potential in Eq.~52! reads in
the Drude oscillator model

U0s,i
disp5(

j
u0s,i

disp~0 j !,

u0s,i
disp~0 j !52

a0igK
`a`

4

\v0vs

v01vs

3~ p̂• r̂0 j !
211

r 0 j
6

. ~56!

With the two-state polarizability in Eq.~56!, Eq. ~49! pre-
dicts the dispersion potential to vary very weakly with op
cal excitation amounting to only 2DI /(\vs)!1 fraction of
its ground state value. This contradicts some spectrosc
experiments yielding noticeable changes in the dispers
solute-solvent coupling.42 The discrepancy is due to the us
of the two-state model. Especially for the excited state, ot
solute electronic levels should be included for a corr
evaluation of dispersion forces. A system composed o
least three electronic levels may be considered for qualita
treatment of excited state polarizabilities. We will use t
three-state model for treating the effect of dispersion for
on the energy gap dependence of ET rates in a fu
publication.27

IV. DISCUSSION

The goal of the present paper was to derive instan
neous free energies of electronic states localized at the D
Equation ~52! provides us with the diabatic free energi
depending on the nuclear configuration of the solvent. M
ments of the diabatic energy gapE22E1 calculated in a
molecular framework give us ET activation paramete
Work on this is under way.27 The derivation using the two
state model results also in the BO free energyEe ~42! com-
posed of the diabatic energiesEi and the ET matrix elemen
Ṽ12 ~41!, ~43!, renormalized from its vacuum valueV12 by
the instantaneous field of the nuclear solvent degrees of f
dom and by equilibrium solvation of the solvent bound ele
trons. The effective ET matrix elementṼ12 is related to the
intensity of absorption transitions43 and to radiative rate con
stants for emission.44 We discuss below the relation of ou
free energiesEe to other approximations known in the litera
ture and then finish with the spectroscopic consequence
the solvent dependence of the ET matrix element.

A. Instantaneous free energies

The instantaneous free energyEe in Sec. II B has been
obtained by eliminating the solute and solvent electronic
grees of freedom in the system density matrix according
Eq. ~2!. Therefore, no nuclear averaging has yet been p
formed and the instantaneous free energyEe depends on the
solute and solvent nuclear configuration. The free energyEe
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can further be employed to obtain a nonequilibrium fun
tional of a collective solvent coordinate that can be used
applications related to reaction dynamics, ET, and opt
spectroscopy in condensed phases. For instance, sta
from the Marcus theory,14 the inertial solvent polarization
P(r ) is considered as the main collective solvent coordin
determining the solvent effect on ET and optical spectra
liquids. The nonequilibrium free energy functionalF@P(r )#
giving the free energy cost of creating a noneqilibrium p
larization P(r ) in the solvent can be obtained fromEe as a
restricted trace over the solvent nuclear coordinates

exp~2bF@P~r !# !

5 TrclS dFP~r !2(
j

mjd~r2r j !Gexp@2bEe# D . ~57!

The analogous functional used by Kim and Hynes16 follows
from Eq.~57! whenEe is replaced withE85^f0uHuf0& @see
discussion of Eq.~4! in the Introduction#.

The free energyEe in Eq. ~42! has been derived unde
the only assumptionb\vs@1 and is valid for any ratio
v0 /vs ~with the dispersion potential taken from the Drud
model!. It does not therefore rely on the adiabatic Pekar c
dition ~3!. Equation~42! reduces to the free energy of th
spin-boson Hamiltonian in the Pekar adiabatic limitv0 /vs

→0.2 The only effect of removing the adiabatic time sep
ration condition is thus the renormalization of the ET mat
element@Eq. ~43!#. A similar conclusion has in fact bee
drawn by Song and Stuchebrukhov9 in connection with the
calculation of the ET rate constant. Previous calculations
the solvation free energy of a two-state system6b,c,7a,b,8,22b

have been chiefly performed in terms of the spin-bos
Hamiltonian. In order to provide a comparison to the resu
reported in the literature we thus need to transform our
scription in terms of the creation and annihilation operat
to that in the spin variables. We first introduce some simp
fications decreasing the number of system parameters. In
spin-boson model the fluctuations of the off-diagonal mat
element are commonly neglected.6,8,22b In our model, it im-
plies that we need to assume the diabatic transition mom
m0

12 equal to zero. Further, we replace the dipole-dipole m
lecular interactions between the solute dipole and solv
induced dipoles by the reaction field~38! directed along the
solute dipole moment.10 In order to have only one solute
solvent coupling constant, we setm0150 and m025Dm0.
Finally, since we are interested in this section only in ele
tronic solvation, we put the solvent permanent dipoles eq
to zero. As a result, the solute Hamiltonian can be rewrit
in terms of spin and boson operators as follows:

h5~H0
e1H0s!/~\vs!

5C1
1

2
2

Se

4
1b1b1vsx2D f

sz

2
1ASe

sz

2
~b11b!,

~58!

whereb1 and b are the creation and annihilation operato
of the medium phonon,sx and sz are the Pauli matrices
~eigenvalues6 1!. Equation~58! is constructed to include
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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only unitless valuesv5V12/\vs , D f 5DI /\vs2Se , and
C5(I 11I 2)/\vs . Further, we define the zero of energy th
corresponds to settingC50. The parameterSe is the ratio of
the solvation energy of the differential solute dipole by t
solvent electronic polarizationle5meDm0

2 to the energy of
bath excitations,Se5le /\vs , @Eq. ~43!#. Now, after deter-
mining the condition of isomorphism between our descr
tion and the spin-boson model, we can compare Eq.~42! to
exact numerical results obtained in the framework of t
model. Jongeward and Wolynes6c reported renormalized
group calculations of the free energy of an unbiased s
boson model withD f 50 for different phonon frequencie
vs . For D f 50 andC50 Eq. ~42! becomes

Ee52
le

2
2b21ln@2 cosh~bṼ12!#. ~59!

In Fig. 1 we compare the results of Jongeward and Woly
to Eq. ~59!. As expected, the prediction~59! deviates from
the exact free energy with decreasingb\vs , but is very
close to it for high quantum frequencies. For smallb\vs ,
the variational procedure in terms of the effective ET mat
element and Se considered as independent variation
variables22b provides more flexibility and outperforms Eq
~59!. The adiabatic Pekar limitṼ12→V12 is also shown in
Fig. 1 and we see that the renormalization of the ET ma
element may give a noticeable contribution to the free
ergy. In fact, for usual ET conditions, we haveb\vs

.200– 400 and Eq.~59! is expected to be very accurat
Despite being less exact than other approaches,6c,22bit has an
essential advantage of simplicity and its accuracy is su
cient to describe solvation by the bound solvent electron

As noted above, the free energy~42! is valid for an
arbitrary ratio of the solute and solvent electronic frequenc
v0 /vs . In order to compare our result to the theory of Ki
and Hynes,16d we consider the ground state energy. It cor
sponds to the limitb→` in Eq. ~42!

eg5 lim
b→`

~Ee/\vs!52Se/22AD f 2/41uvu2exp~2Se!.

~60!

FIG. 1. Dependence of the free energy of an unbiased two-state sy
(D f 50) on the bath frequency. The points are results of calculations
Jongeward and Wolynes~Ref. 6c!. The solid line corresponds to Eq.~59!
and the dashes represent the adiabatic Pekar approximation. The s
parameters are:ble520 andbuV12u55.
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For large energy gapsuD f /2u@uvu the adiabatic energyeg

transforms into the diabatic energy that is the same in
theories for the same physical models. A crucial test of
validity of a particular approximation foreg can thus be
achieved in the regionuD f /2u<uvu. We therefore will calcu-
late the ground state energy at different solvation energiele

at the point of zero diabatic energy gapD f 5DI /\vs2Se

50. In this way we are also capable to test the theory in
broad range of electronic adiabaticity parametersDI /\vs

.v0 /vs , since atD f 50 we getv0 /vs5Se5le /\vs . We
will compare Eq.~60! to the results of numerical diagona
ization of the spin-boson Hamiltonian~58! in the basis of 50
wavefunctions used by Allen and Silbey.20 The reduced
ground state energies are plotted in Fig. 2 vsSe for two
values of the reduced ET matrix elementv. Kim and Hynes
proposed an approximate solution for the ground state
ergy devised to apply to all values of the electronic adia
ticity parameter and we also included their results in Fig.
In our notation the Kim and Hynes ground state energy re
(Por50, Eex50, Eav52ED in their notation16d for the sim-
plified system considered in this section!

eg52
Se

2
2x

D f

2
1yv2

Se

2

vy2

y22v
, ~61!

wherex andy are variational parameters determined by t
equation

2Se

2xyv~y/222v !

~y22v !2
12vx1D f y50 ~62!

with the normalization conditionx21y251.
As is seen in Fig. 2, both Eqs.~60! and ~61! work well

for small v520.1, with Eq.~60! being more accurate. Fo
larger uvu both predictions deviate upward from the exa

em
y

tem

FIG. 2. Ground state energy of an unbiased (D f 50) two-state system vs
the reduced solvation energySe5le /\vs . The full lines are the exact
results calculated from the numerical diagonalization according to Allen
Silbey ~Ref. 20!. The dashed lines refer to the Kim and Hynes theory~Ref.
16d @Eq. ~61!#. The dash-dotted lines correspond to the present formula
given by Eq.~60!. The calculations were performed for two values of t
reduced vacuum ET matrix elementv5V12 /\vs . For v520.1 Eq.~60! is
undistinguishable from the exact result.
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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result atSe@1 and this difference remains constant asSe

increases. For usual ET conditions\vs is in the range 5–10
eV andSe!1. Also even for strongly coupled systemsuvu is
hardly likely to exceed 0.5. Therefore, we can expect t
both Eqs.~60! and ~61! provide a comparable accuracy fo
the ground state energy. Equation~60! has, however, the
obvious advantage of analytical simplicity compared to E
~61! and ~62!.45 Also the ground state energy is a speci
limit of the more general relation for the free energy~42! that
is absent from the Kim and Hynes formulation.16d

B. Effective ET matrix element

Since the seminal work of Mulliken,43a intensities of op-
tical transitions and radiative rate constants are treate
terms of the adiabatic transition dipole momentM0

12

5^C1um̂0uC2& built on the adiabatic two-state basisC1, C2

diagonalizing the two-state HamiltonianH0
e in Eq. ~28!. The

vacuumtransition dipoleM0
12 is given by the vector sum43,46

M0
125m0

12 DI

DJ
2Dm0

V12

DJ
, ~63!

whereDJ5ADI 214V12
2 and the diabatic transition momen

m0
12 is defined in Sec. II B. The adiabatic transition dipole

condensed phases can be derived in the same way tha
used in calculating the renormalized ET matrix element
Eq. ~43!. The transformation of the solvent basis to that
coherent states result in thecondensed phaseadiabatic tran-
sition dipole

M125Fm0
12DE

DẼ
2Dm0

V12
eff

DẼ
Gexp~2 1

2Se!. ~64!

Equation~64! gives the instantaneous value of the transit
dipole depending on the nuclear configuration. Its aver
over the solvent nuclear configurations can be written as47

^M12& i5Fm0
122Dm0

^V12
eff& i

hcn̄ i
Gexp~2 1

2Se!, ~65!

where we assumedDẼ.DE andhcn̄ i refers to the vertical
optical transition (n̄ is the wavenumber in cm21) corre-
sponding to absorption (i 51) and fluorescence (i 52). The
equilibrium value of the ET matrix element^V12

eff& i is found
by replacing the fictitious dipolem0

fic in Eq. ~41! by m0i

^V12
eff& i5V121

~m0
12

• ŝ0!

Dm0
hcDn̄ i

p , ~66!

where

hcDn̄ i
p522mp~Dm0•m0i !7me~m02

2 2m01
2 ! ~67!

is the spectral shift due to differential solvation by dipo
forces and equilibrium solvation by induction forces, wi
‘‘ 2’’ and ‘‘ 1’’ corresponding toi 51 and i 52, respec-
tively. hcDn̄ i

p is a component of the total transitio
energy12c,42

n̄ i5 n̄01Dn̄ i
p1Dn̄ i

disp, ~68!
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where n̄05DI /(hc) and hcDn̄ i
disp is the shift due to differ-

ential solvation by dispersion forces.
The exponential renormalization factor in Eq.~65! does

not deviate noticeably from unity for the usual energy sc
\vs.5210 eV and can be neglected. The solvent dep
dence of the equilibrium ET matrix element is hence det
mined by the magnitude and orientation ofm0

12 and the di-
polar ~permanent1induced dipoles! shift of the spectral line.
In polar liquids, the latter is dominated by the componentmp

of solvation by the solvent permanent dipoles. This impli
for instance, that for absorption transitions withm01!m02

the ET matrix element will be nearly independent of solve
polarity. The dependence of^V12

eff& i on the solvent should be
more pronounced for fluorescence transitions.

The orientation of the diabatic transition dipolem0
12 is

not specified in the two-state model and should be ta
from quantum mechanics or experiment.48 The magnitude of
the transition dipolêM12& i depends hence on the projectio
of m0

12 on the solute dipole directionŝ0 and that perpendicu
lar to it (x̂) in the plane formed bys0 andm0

12. From Eqs.
~64!, ~66!, and~68! we get

@^M12& i n̄ i #
25~m0

12
• x̂!2n̄ i

21Ci , ~69!

where

Ci5@~m0
12

• ŝ0!~n01Dn i
disp!2Dm0~V12/hc!#2. ~70!

Experimental verification of Eq.~69! is difficult because of
the unknown coefficientsCi and thex-projection of the di-
abatic transition dipolem0

12. The problem can, however, b
circumvented by the observation that the component of
solvent reorganization energy due to dispersions is m
smaller than that due to dipolar forces for the majority
optical dyes.42 This means that

Dn̄1
disp.Dn̄2

disp5Dn̄disp

and the summandCi disappears in the difference o

@^M12& i n̄ i #
2 for absorption and fluorescence transition

When the solvent-induced shift is small compared to
vacuum transition energy, we get a connection of the tra
tion dipoles to the Stokes shiftDn̄st

@^M12&1n̄2#22@^M12&2n̄1#252~m0
12

• x̂!2n̄0n̄st. ~71!

When experimental data for both absorption and emiss
transition dipoles are available, Eq.~71! enables one to ex
tract the component (m0

12
• x̂).

The dependence of̂Ṽ12& i on the dipolar spectral shif
hcDn̄ i

p in Eq. ~66! offers a possibility of the interesting phe
nomenon of self-localization of the transferred electron.
deed,^Ṽ12& i becomes equal to zero when

~m0
12

• ŝ0!

Dm0V12
hcDn̄ i

p521. ~72!

Physically it means that the electron is essentially localiz
at the donor or acceptor site. The condition~72! may be
realized by either changing the dipolar shiftDn̄ i

p or by vary-
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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ing the orientation48b of the diabatic transition dipolem0
12

relative toDm0. Note that the vacuum off-diagonal matr
elementsm0

12 andV12 come into the relation~72! as a ratio.
This form reflects the requirement of invariance with resp
to a phase shift of the wavefunctionf i→exp(ix)fi which
cancels out in the ratio. Depending on the electronic str
ture of the DAC, the factor (m0

12
• ŝ0)/V12 may become posi-

tive or negative~e.g., the ET matrix element can switch i
sign with the changing the bridge moiety49!. This sign will
essentially determine the possibility of realizing the se
localization condition~72!.

Equation ~72! gives the condition of passing throug
zero of the equilibrium ET matrix element. Due to specifi
of the averaging of both the preexponential and Boltzma
components in the Franck-Condon factor, the rate consta
nonadiabatic ET becomes zero at another point given by

~m0
12

• ŝ0!

Dm0V12
hc~ n̄01Dn̄ i

disp!51

and (m0
12

• x̂)50, as we show in a separate paper.50 The pass-
ing of the equilibrium ET matrix element through zero val
physically differs from self-localization found in spin-boso
systems with ohmic dissipation.6a,22a In that case the disap
pearance of tunneling happens due to the exponential re
malization factor in Eq.~43!. The assumption of the ohmi
dissipation leads to an infrared divergence and the equ
rium matrix element disappears with lowering temperatu
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APPENDIX A: NONPAIRWISE EFFECTS IN THE
DISPERSION POTENTIAL

We consider here the integral

un5 TrFa0i
~n!

•T0 j•E Ân~ j 2!•T20d2G ~A1!

appearing as the first expansion term of the logarithm in
~20!. From Eq.~18! the dispersion term involving the nonlo
cal correlation effects is given by the sum of the rotatio
invariant components

un5un
I 1un

D1un
D , ~A2!

where

un
I 5aj

~n!` :~T j 0•a0i
~n!

•T0 j !, ~A3!

un
D5rE d2 hn

D~r j 2!~T j 0•a0i
~n!

•T02!:~aj
~n!`

•Dj 2•a2
~n!`!,

~A4!

un
D5rE d2 hn

D~r j 2!~T j 0•a0i
~n!

•T02!:~aj
~n!`

•a2
~n!`!,

~A5!
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where the tensorDi j is given by Eq.~19!. Below for simplic-
ity we use the isotropic form of the solute and solvent pol
izabilities

a0i ,ab
~n! 5a0i

~n!dab , aab
~n!`5a~n!`dab . ~A6!

Then the integral includinghD can be rewritten using the
representation

T0 j•T j 053E T0 j• ŝŝ•T j 0~dvs/4p!, ~A7!

where here and in Appendix B carets signify unit vecto
We find

un
D5

27a0i
~n!~a~n!`!2

~4p!3 E
0

`

hn
D~r j 2!r j 2

5 dr j 2E dv j 2

3E dv1dv2dv3ŝ1•T~ j 2!• ŝ2ŝ2•T~20!• ŝ3ŝ3

•T~0 j !• ŝ1 . ~A8!

The angular integral over the orientations of the unit vect
ŝ1, ŝ2, and ŝ3 generates51 the Axilrod–Teller potential

1

9r j 2
3 r 20

3 r 0 j
3 ~113 cosu1 cosu2 cosu3!,

whereu1, u2, andu3 are the angles of the triangle formed b
the particles labeled 0, 2, andj . It is easy to show that

E dv j 2

r 02
3 ~113 cosu1 cosu2 cosu3!50

and the D-projection has no contribution to the integral~A1!.
A similar procedure applied to theD-projection gives a

nonzero term

un
D5

3ra0i
~n!~a~n!`!2

r 0 j
3 E

0

`

hn
D~r j 2!r j 2

2 dr j 2

3E dv j 2

r 02
3 @3~ r̂0 j• r̂02!

221#. ~A9!

The integral overv j 2 in Eq. ~A9! diverges whenr j 2→r 0 j .
This is due to the fact that we have not included the rep
sion between the solute and the probe particle, which is c
rect only for large separationsr 0 j@r j 2. Taking into account
thathn

D(r ) is a short range function,52 we can expand~A9! in
r j 2 /r 0 j truncating the expansion at zeroth order. This giv

un
D5

6r~a~n!`!2a0i
~n!

r 0 j
6

h̃n
D~0!,

where h̃D(0) is thek50 value of the Fourier transform o
hD(r ). Ultimately, then-amplitudeun of the solute-solvent
dispersion potential takes the form

un5
6a~n!`a0i

~n!

r 0 j
6 ~11a~n!`r h̃n

D~0!!. ~A10!
o AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html.
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For the classicaln50 value of un the connection of the
diagram expansion with classical electrostatics shows33 that
the term in brackets in Eq.~A10! is the Kirkwood factor of
the nonpolar solvent polarization

gK
`511a`r h̃D~0!,

where gK
` is connected with the high-frequency dielectr

constante` by the relation

~4p/3!ra`gK
`5

~e`21!~2e`11!

9e`
.

The generalization tonÞ0 is straightforward in terms of the
inverse compressibility factorsqn

1 andqn
2 of the longitudinal

and transverse dipolar responses usually encountered in
theory of dipolar fluids.52 We can define the the Kirkwood
factor gK,n

` 53 corresponding to the polarizabilitya (n)`

gK,n
` 511a~n!`r h̃n

D~0!5
1

3qn
1

1
2

3qn
2

, ~A11!

with qn
1 andqn

2 related to the solvent polarizability by

4pra~n!`5qn
12qn

2 . ~A12!

The problem can easily be closed in the mean spherical
proximation suggesting that the molecular coordinate av
aging of the graphsAn can be performed over a step fun
tion ~low density limit! replacing the real coordinat
distribution function of the liquid.33 This neglects the effec
of solvent spatial correlations on the angular distribut
function, but results in the simple relation54 for qn

1 andqn
2

qn
15~114jn!2/~122jn!4, qn

25~122jn!2/~11jn!4.
~A13!

Equations~A11!–~A13! complete the definition of the Kirk-
wood factorgK,n

` in Eq. ~A11!.

APPENDIX B: HIGHER ORDER TERMS IN THE
SOLUTE-SOLVENT DISPERSION POTENTIAL

We want to compute the whole series of many-bo
solute-solvent dispersion interactions in Eq.~21!. Expanding
the logarithm in Eq.~21! we get

U0s,i
disp52

1

2b(
k51

`

(
n j

1

k
Tr@gK,n

` aj
~n!`

•T j 0•a0i
~n!

•T0 j #
k.

For simplicity we assume here the isotropic form~A6! of the
polarizability tensors. This decouples the calculation of
sum over the quantum frequenciesvn and the trace over the
Cartesian components of the dipole tensors

U0s,i
disp52

1

2b (
k51,n

`
@a0i

~n!gK,n
` a~n!`#k

k (
j

Tr@T j 0•T0 j #
k.

~B1!

In order to calculate Tr@T j 0•T0 j #
k we apply the identity

~A7!. Accordingly, the trace term in Eq.~B1! can be given
by the convolution
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Tr@T j 0•T0 j #
k5

3k

~r 0 j !
6k

D~1,2!* D~2,3!* •••* D~2k,1!,

~B2!

whereD(1,2)53(ŝ1• r̂0 j )( r̂0 j• ŝ2)2 ŝ1• ŝ2, r̂0 j5r0 j /r 0 j , and
D(12)* D(23) denotes the angular integr
*(dv2/4p)D(12)D(23). The loop convolution in Eq.~B2!
is easy to calculate54

3k@D~1,2!* D~2,3!* . . . * D~2k,1!#522k12.

We thus get

U0s,i
disp52

1

b (
k51,jn

`
@a0i

~n!gK,n
` a~n!`#k

k

22k2111

r 0 j
6k

. ~B3!

The sum overn in ~B3! can be computed by assumin
gK,n

` 5gK
` and noting that

(
n

@a0i
~n!a~n!`#k

5~v0vs!
2k

]k21

]~v0
2!k21

]k21

]~vs
2!k21

3(
n

a0ia
`

~v0
21vn

2!~vs
21vn

2!
. ~B4!

From Eqs.~B3! and ~B4!, we get ultimately

U0s,i
disp52

\

2 (
j ,k51

`
22k2111

k Fv0
2vs

2a0igK
`a`

r 0 j
6 G k

3
]k21

]~v0
2!k21

]k21

]~vs
2!k21 Fvscoth~b\v0/2!2v0

v0vs~vs
22v0

2!
G .

~B5!

In the quantum limit~24! the ratio of the second and the fir
summands in the series~B5! is equal to 3a0igK

`a`/(4r 0 j
6 ).

Since it is much less than unity for usual polarizabilities a
contact molecular separations~see the discussion in the ma
text!, the expansion~B5! is rapidly converging.
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