Supplement 7-A

Rotational Invariance

In this supplement we show that the assumption of a central potential implies the conser-
vation of angular momentum. We make use of invariance under rotations. The kinetic en-
ergy, which involves p? is independent of the direction in which p points. The central
potential V(r) is also invariant under rotations. We show that this invariance implies the
conservation of angular momentum.

INVARIANCE UNDER ROTATIONS ABOUT THE z-AXIS
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Consider the special case of a rotation through an angle 6 about the z-axis: With

x'=x cos  —y sin 0

y' =xsin 0 +y cos 0 (7A-1)
it is easy to see that

rr — (x/2 + y!2 + Z!Z)I/Z — (x2 + y2 + Z2)1/2 =r (7A-2)
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Since the Hamiltonian has an invariance property, we expect a conservation law,
as we saw in the case of parity. To identify the operators that commute with H, let us
consider an infinitesimal rotation about the z-axis. Keeping terms of order 6 only so
that

and

x'=x—0y
y =y+0x (7TA-4)
we require that
Hug(x — 0y, y + 0x,z) = Eug(x — 6y,y + 6x, 2) (7A-5)
If we expand this to first order in 6 and subtract from it
Hug(x, y, ) = Eug(x,y, 2) (7A-6)
we obtain from the term linear in 6
H<x j—y -y ;x>ug(x, y,2) = E<x (;ly -y Lf)c)ug(x, ¥, 2) (TA-T)



Invariance Under Rotations About the z-Axis ~ W-29

The right side of this equation may be written as

Jd _d _ Jd o )
<x &y y ax>E ME(X, Y, Z) (x é;y y &X)H uE(x’ Vs Z) (7A 8)
If we define
_h( 9 S 9)\_,, _ _
Lz - i ('x ay y J ) XPy YPx (7A 9)

then (7A-7) and (7A-8) together read
(HL, — LH)ug(x, y, 2)= 0
Since the ug(r) form a complete set, this implies the operator relation
[H,L]=0 (7A-10)
holds. L. is the z-component of the operator
L=rXp (7TA-11)

which is the angular momentum. Had we taken rotations about the x- and y-axis, we
would have found, in addition, that

[H,L]=0
[H,L]=0 (7TA-12)
Thus the three components of the angular momentum operators commute with the Hamil-

tonian; that is, the angular momentum is a constant of the motion. This parallels the clas-
sical result that central forces imply conservation of the angular momentum.
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Angular Momentum
in Spherical Coordinates

We start with spherical coordinates, as defined in Fig. 7-2. We have

X = rsin 6 cos ¢
y=rsinfsin ¢
z=rcosf

From this it follows that

dx = sin 6 cos ¢ dr + rcos 6 cos ¢ df — rsin 6 sin ¢ de
dy = sin 0 sin ¢ dr + r cos 6 sin ¢ df + rsin 0 cos ¢ do
dz = cos 6 dr — rsin 6 df

These may be solved to give
dr = sin 0 cos ¢ dx + sin 6 sin ¢ dy + cos 0 dz

dG=%(cos@cos¢dx+cos@singody—sin@dz)

= —si +
do rsm0( sin ¢ dx + cos ¢ dy)

With the help of these we obtain
(9@0
J Jar d 00 o J

dx  dxdr  dxd0  dx do

=sin0cosgoi+lcosecosgoi— Sil.l(p A

ar T 00  rsinf de

Jd . . J 1 . J cos @ g

3y s1nc9s1ngo(9r rcos@smgoow rsin 0 9
J _ J 1 g0
a—z—coseﬁr ’”Slngﬂﬁ

(7B-1)

(7B-2)

(7B-3)

(7B-4)

We may use these to calculate the angular momentum operators in terms of the spherical

angles. We have

L=rXp0p=?(r><V)
_h(, 9 9
L"'_i<xo7y y&x)
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(7B-5)



Angular Momentum in Spherical Coordinates ~ W-31

7 asine? 4 Leos g sin ol 08 0
_i[r31nacos¢<51n081n¢&r+VCOSGS]H¢&0+rSin9&¢)

sin
_rsinesin<p<sinﬂcosgojr+icosacOsgp(jg_ ¢ &)]

rsin 0 %
_hd _
= 0 (7B-6)
Similarly, we construct
_h( 9 9
L.=5 (yaz Zay)
0 rsin 6 sin ¢ cosai— sinf J
i ar r 90
(7B-7)
. . J 1 . J Cos @ g
7 cos 0<sm 0 sin @ o T 7 cos 6 sin @ 56 7sno 54’)]
. —singoi — cot 6 cos goi
i d0 do
and
_h(, 0 9
L=5 (Z Ix va>
h . J 1 g _ sing g
= = —_— 4+ = - — -
; [r cos 0<sm 6 cos @ a7 T 7 cos 0 cos ¢ 90 7sind 390)
(7B-8)
— rsin 6 cos ¢ cosOi— sin6 9.
ar r 96
i cos goi — cot (9singoi
i 00 do
It is fairly straightforward to calculate
L=L+L0+12
2 —sin o2 — I N —ginof- — 9
h [( sin @ =5 cot Ocosqoa()o)( sin @ -5 cot 0008900@)
J .4 J .4 s
+ Z =z o~ 2+ 2
(cos ? 30 cot 6 sin goa¢><cos ? 30 cot 6 sin @an) (9@2]
We leave it to the reader to do the algebra. The final result is
L= —fﬁ(‘?z +cot 9%+ 1 ’92> (7B-9)
96* 30 sin® 0 9¢?

Which is just the expression in eq. (7-13).
The equation

L’Y(0, ) = H°AY(6, ¢)
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when written out in spherical coordinates, is

1 (7— + A)Y(G 0 =0 (7B-10)

—— +cot 0—+
06° d0  sin’0 ¢

Let us separate variables again. If we write the solution in the form
Y0, o) = P(O)D(e) (7B-11)
We multiply everything by sin® 6, and divide by P(6)®(¢). This leads to

1 d? d 1 d(e)
20} <sm 05 + sin 0 cos 0% + A sin 0>P(0) = w s

The two sides of the equation depend on different variables. They must therefore each be
constant. We call the constant m?, without specifying whether this quantity is real or com-
plex. The solution of

= D(p) = —m*D(¢) (7B-12)
is
D(¢) = Ce*ime (7B-13)

The requirement that the solution is single valued—that is, it does not change when
¢ — ¢ + 2m—requires that m be an integer. When this is substituted into our differential
equation, we end up with

d? d
- + il + -
(d02 cot 6 20 )\)P(G) i P(H) (7B-14)
We now define
z=cos @ (7B-15)
Using
d_did g gd
do dz dz
> _d d .o, d?
-— = = — 60—+ 0 —
d62 < ) cos e sin e

and using the fact that sin” § = 1 — 7%, can rewrite the equation as follows:

_and L, d  m - 3
[(1 Ay 1_Z2+)\]P(z) 0 (7B-16)

Consider first the m = 0 case. Let us write the solution as
PR) =2 a3 (7B-17)
n=0
Some simple manipulations show that the coefficients a, obey the recurrence relation
”+n—A

G2 = 0 D + 2) (7B-18)
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The series will not terminate if A is not an integer. In that case, for large n,

AR (7B-19)

a,

This means that for some large value of n = N the series approaches a polynomial in z
plus

L +z+2+0+=—1

S (7B-20)

This, however, is singular at z = 1. The only way to evade this singularity is to choose the
numerator in (7B-18) to become zero when n reaches some integral value—say, n = [.
This means that the eigenvalue is

A=11+1) (7B-21)

and that P(z) is a polynomial of order [ in the variable z. We will label the polynomial as
P/(2). These polynomials are known as Legendre polynomials. A short list follows:

P o(Z) =1
P I(Z) =Z
Py(2) =532 — 1) (7B-22)

Py(z) = 5(52° — 32)
P,(z) = 5(35z* — 307° + 3)
We next observe that the m # 0 solutions are related to the m = 0 solutions. Let us first

write the solution of (7B-16) as P/'(z). The equation for the P;'(z) may be written in the
form

d|,, ., dP'@ _om | i
&z [(1 z )7dZ + 11U+ 1) 2 Pl(z) =0 (7B-23)
If one writes
Pl'(z) = (1 — 2Y"F(z) (7B-24)
then
dP}

Z(Z) — _mZ(l _ Z2)}')1/2*][;* + (l _ ZZ)di

dz dz
and then

d _ 2 dPr@ | _ o pa dPF _ omn dF
dz |:(1 %) e 1-=2z2) 422 2z(m + 1)(1 — 2°) i

+ [m(m + )22 = 11(1 = H"*'F

This is to be set equal to

2
[1 ”_’ 5 I+ 1)](1 — Amp

After this is done, some rearrangements are made, and the resulting equation is multiplied
by (1 — z%)~™2, one finally obtains the equation

2
a —z2)‘;7§—2z(m+ 1)%+(l—m)(l+m+ 1)F =0 (7B-25)
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One can now show that this equation is satisfied by
_ d m
Fy =\ ) P2 (7B-26)

We have therefore shown that

P = (1 — 2 (Q"’P,(z) (7B-27)

These functions are known as associated Legendre functions.

Note that only m” appears in the equation, so that for m in the last equation we can
equally well write |m|. It is also clear from the form that |[m| < [, since the highest power
in P/(z) is 7. For m negative we take (— l)mP‘,’"l(z).



